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ABSTRACT Organisms must constantly weigh exploiting the resources they know against exploring for better ones. When foragers compete,
the best behavior for each forager also depends on what its competitors do. How does competition change the strategic balance between
exploration and exploitation? Here we address this question in a minimal model: two e-greedy temporal-difference learners on a one-
dimensional lattice, who start at a small reward at one end and are unaware of a larger reward at the other. For a lone forager, the optimal
exploration rate increases monotonically with the value of the distant reward, and with its distance up to a critical distance. When two foragers
share the lattice and split rewards, the choice of exploration rate becomes a game whose Nash equilibria have both foragers exploring, both
staying, or one exploring while the other stays (anti-coordination). Under local best-response dynamics, pairs of foragers often converge
on both exploring or both staying, even when anti-coordination would be socially optimal. This social dilemma arises for a wide range of
parameters, and it persists even in a simplified model without explicit spatial structure. A minimal, naturalistic signal, in which one forager
informs the other that it has found the distant reward, can remove many of the dilemmas in which both foragers explore, and can produce a

Nash equilibrium whose collective payoff exceeds that of every outcome available without signaling.

Across species and timescales, organisms must bal-
ance exploiting the resources they already know against
exploring for better ones they have not yet found. A bac-
terium performing chemotaxis alternates between swim-
ming up an attractant gradient and tumbling to reorient
at random (Berg and Brown 1972); a bee colony works
its known flower patches while dispatching scouts in
search of richer ones; and a person searching for infor-
mation faces the same choice (Pirolli and Card 1999).
The tradeoff has been studied for decades in behavioral
ecology, where optimal foraging theory asks how an ani-
mal should time its departure from a depleting resource
and divide its effort among sites of differing quality
(Charnov 1976; Stephens and Krebs 1986; MacArthur
and Pianka 1966). Whether the relevant timescale is a
single lifetime or an evolutionary one, the balance that
maximizes long-run reward is difficult to strike, and it
depends both on the structure of the environment and
on the behavior of others exploiting it.

Reinforcement learning provides a formal frame-
work for managing the exploration—exploitation tradeoff
(Sutton and Barto 2018). An agent that interacts repeat-
edly with its environment maintains value estimates
for the states and actions available to it, and at each
step chooses between the action favored by its current
value estimates and an alternative that may prove bet-
ter. The tension is sharpest in the multi-armed bandit
problem (Robbins 1952), in which an agent chooses re-
peatedly among fixed options with unknown reward
distributions. Most of the resulting theory pursues re-
gret minimization—algorithms whose cumulative re-
ward provably stays close to that of the best fixed op-

tion (Lai and Robbins 1985; Auer et al. 2002). These
guarantees are worst-case: they bound performance
across all environments rather than prescribe how much
an agent should explore in a particular one. How hu-
mans and other animals in fact resolve the exploration—
exploitation tradeoff has itself become an active question
in cognitive science and neuroscience (Daw et al. 2005;
Tavoni et al. 2022).

Animal foraging departs from the stylized bandit
problem in one important respect: foraging options are
not equally accessible. Reaching a distant resource takes
time, during which the forager collects nothing, so ex-
ploration incurs an opportunity cost in travel time that
a bandit model omits. We therefore study reinforce-
ment learners in spatially structured environments, in
which movement between options is itself costly. We
adopt temporal-difference (TD) learning (Sutton 1988),
in which an agent revises the value it assigns to a site
using the values it has assigned to neighboring sites. TD
learning is a standard model of animal reward learn-
ing, and it has a well-documented neural correlate: the
phasic activity of midbrain dopamine neurons covaries
with the reward-prediction error term of the TD up-
date (Schultz et al. 1997; Montague et al. 1996), and
the same signal has been identified in the human brain
(O’Doherty et al. 2003). TD learning has been applied
specifically to spatial foraging, such as bumblebees mov-
ing among flowers (Montague et al. 1995).

How much should a learner explore new territory
versus exploit known resources? The simplest rule is
e-greedy, governed by a single exploration rate e: with
probability 1 — ¢ the agent takes the action it currently
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values most, and with probability € it moves at ran-
dom. Despite its simplicity, e-greedy often matches or
outperforms more elaborate algorithms with dynamic
exploration rates and stronger convergence guarantees
(Vermorel and Mohri 2005; Kuleshov and Precup 2014),
and it requires no sophisticated cognition about the
environment, unlike dynamic programming (Bellman
1957; Puterman 1994; Sutton and Barto 2018). But sys-
tematic guidance on which exploration rate & performs
best in a given environment remains scarce. A fixed
rate is also the natural object of study for an evolved
forager: an animal may be unable to adjust its explo-
ration rate from moment to moment, and instead have
an intrinsic rate shaped by natural selection to suit its
ecology (Dingemanse and Wolf 2010; Wolf et al. 2007).
Consistent with such intrinsic variation, ant colonies
of different species differ in their exploitation intensity:
species that commit most of their foragers to the better
of two feeders are slow to reallocate when the poorer
feeder improves, whereas species that spread foragers
more evenly shift readily to the improved feeder (Latty
and Beekman 2013). In the terms of our model, each
species behaves as though it has a different fixed explo-
ration rate.

Foragers are rarely alone, though, and competition
changes what each of them should do (Giraldeau and
Caraco 2018). Competitive multi-armed bandit models
with shareable rewards address a version of this ques-
tion: at the Nash equilibrium of such a game the number
of agents at each option is roughly proportional to that
option’s value (Xu et al. 2023), recalling the ideal free
distribution of classical foraging theory (Fretwell and
Lucas 1969; Parker and Sutherland 1986). Our setting
is neither ideal nor free: the agents lack perfect infor-
mation, and although nothing prevents a forager from
traveling to the distant reward, the opportunity cost of
doing so can be large.

Here we ask what fixed exploration rates are indi-
vidually and socially optimal when foragers compete
for shared rewards in a spatially structured environ-
ment: a one-dimensional lattice with a small, known
reward at one end and a larger, undiscovered reward
at the other. We first find that, for a single forager, the
reward-maximizing exploration rate is intermediate—
rising with the value of the distant reward, and rising
and then falling with the distance to it. We then find
that competition makes the choice of rate a two-player
game whose Nash equilibria include anti-coordination,
in which two identical foragers adopt opposite behav-
iors, and that the Nash equilibria at which both foragers
stay or both foragers explore are often collectively worse
than anti-coordination, producing a social dilemma. Fi-
nally, we find that a simple, cognitively undemanding
signal—one forager informing another that it has found

the distant reward—can remove the suboptimal equi-
librium at which both foragers explore and resolve the
dilemma.

Model

A spatial model of exploration and exploitation
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Figure 1 The biased random walk and the temporal-difference
learner describe the same movement rule. (A) Before it has
discovered the distant site d, an agent in the interior of the
lattice steps toward the near reward at site 0 with probability
1 — ¢/2 and away from it with probability /2. The reward at
site 0 is known to the agent, the interior sites have no reward,
and the reward at the far end of the lattice is unknown until
the agent first reaches it. A shaded Q-value indicates a site
that the agent has not yet visited, and whose value it has
therefore not updated. (B) An agent that has discovered 4 is
now biased towards it. Q-values to the right are now higher,
even if the agent has not yet updated the Q-values to the left.
Shaded Q-values now indicate that the agent has not visited
these sites since discovering the reward at d.

Our model represents the essential tension of a forag-
ing task: at each moment an agent must decide whether
to exploit a resource it already knows or to explore in
search of a better one it has not yet found. We situate
this decision in a spatially structured environment, so
that exploration incurs an opportunity cost—time spent
traveling away from a known reward (Fig. 1). An agent
begins at a small, familiar reward, unaware of a larger
reward far away. A single parameter, the exploration
rate g, governs how readily it explores. Below we specify
the environment, the movement policy, and the policy’s



equivalent descriptions as a temporal-difference learner
or as a Markov chain.

We represent the environment as a finite, one-
dimensional lattice of sites {0,1,2,...,d}, with d > 0.
Two sites contain resources: a small reward at one
boundary, #(0) = 1, and a larger reward at the other
boundary, r(d) = R > 1; all sites in between are empty,
r(s) = 0. The lattice length d thus sets the distance
an agent must travel to reach the richer resource, and
the reward ratio R governs the benefit of discovering
the richer reward. At each discrete time step the agent
occupies a single site s and accrues its reward r(s);
rewards are non-depleting, so an agent collects r(s)
on every step it remains at site s. Movement is local:
from site s the agent may step only to a site in its
neighborhood n(s) (self-inclusive), e.g. n(2) = {1,2,3}
ford > 2 and n(0) = {0,1}.

The agent moves on this lattice by an e-greedy rule.
At each step it chooses between two behaviors:

¢ with probability 1 — ¢ it exploits, moving toward the
highest reward it has so far visited;

e with probability ¢ it explores, moving to a randomly
chosen neighboring site (excluding its current one).

This rule generates a two-phase biased random walk.
Before the agent has discovered the far reward, its only
known resource is the near one at site s = 0, so exploita-
tion biases it leftward: in the interior {1,...,d — 1} it
steps left with probability 1 — e/2 and right with proba-
bility £/2. Once it has visited site d, its bias reverses—it
steps right with probability 1 — e/2 and left with proba-
bility e/2—and it is biased toward the richer resource.
The exploration rate e therefore sets the strength of the
bias in each phase: an agent that never explores (¢ = 0)
remains at the near reward indefinitely, whereas larger
¢ increases the variance of the walk and the probability
of reaching site d.

The two-phase biased random walk is what a
temporal-difference (TD) learner would produce, as we
make precise below. The intuition is that, once the agent
reaches the far reward, subsequent steps propagate its
value backward along the lattice: each visited site’s
value estimate is set to a discounted fraction of R,
decreasing geometrically with distance from site 4.
For a sufficiently large discount factor <y, the value
estimates of the sites visited since that discovery there-
fore increase monotonically toward site d, so that the
exploitation move at every interior site points toward it.

The two ends of the lattice require rules of their own.
Before site 4 has been found, site 0 is reflecting: at site
s = 0 the agent stays with probability 1 — € and steps to
site s = 1 with probability e. After site d has been found,
site d is reflecting in the same way: the agent stays there
with probability 1 — ¢ and steps to d — 1 with probability
e. After site d has been found, an agent at site s = 0

moves to site s = 1 with probability 1, consistent with
the interior rule: with probability 1 — ¢ it exploits by
moving toward d, and with probability ¢ it explores to
its only available neighbor, site 1.

An agent values immediate rewards more than fu-
ture ones, which we encode with a discount factor v €
(0,1): a reward collected ¢ steps in the future is worth
a fraction 7 of its immediate value. Discounting repre-
sents a finite foraging horizon, and corresponds to aver-
aging reward over a characteristic time T ~ 1/(1 —v)
(see Markov chain formulation below). Discounting also
determines which reward an agent prefers once it has
found both, since a more distant reward takes more time
to reach and is therefore discounted more heavily. From
an interior site s € {1,...,d — 1}, exploiting toward
site 0—a journey of s steps followed by an indefinite
stay—yields expected discounted reward

r(s) +yr(s —1) +9%r(s —2) + ...

s s+1 _ T

+ ('y + —l—...)r(O) e

using r(0) = 1 and r(s) = 0 for 0 < s < d. Exploiting

toward site d instead—a journey of d — s steps—yields

¥7=R/(1 — ). The exploitation move is therefore to-

ward whichever reward has the larger discounted value:

toward site 0 when 7° > 7*~°R, and toward site d when

9° < ¥475R. With discounting, the policy for an agent
at site s becomes:

S

7

* With probability 1 — ¢ it exploits, moving toward (or
staying at) site 0 if it has not seen reward R or if
9* > 997SR, and toward (or staying at) site d if it has
seen reward R and ° < y*~°R.

¢ With probability e it explores, moving to a randomly
chosen neighboring site (excluding its current one).

In the boundary case 7* = ¥4=5R the agent moves left
or right with equal probability. We work in the regime
of large -y, where 7° < 74~*R for every site including
s = 0, equivalently 7R > 1, so that any agent that
has discovered site d is biased toward that side from
everywhere on the lattice. In this high-discount regime,
which we assume throughout unless noted otherwise,
the discounted policy reduces to the two-phase biased
random walk described above, and the movement rule
no longer depends on 7.

Interpretation as a temporal-difference or Q-
learning problem

The movement rules outlined above also arise from
temporal-difference learning (Sutton 1988; Sutton and
Barto 2018), which is a standard model for how animals
and algorithms learn to value their environment. Sup-
pose the agent maintains an estimate Q(s) of the long-
term value of each site s—the total discounted reward



it expects starting from s—initialized at Q(s) = 0 every-
where. Upon first visiting a site s that provides a reward
r(s) > 0, the agent assesses its steady-state discounted
value r(s)/(1 — 7) and sets Q(s) = r(s)/(1 — vy); that
is, on encountering a reward the agent immediately reg-
isters its long-run worth. Updating Q-values to account
for the discount factor is a modeling choice made with-
out loss of generality: an alternative assignment based
on instantaneous rewards, Q(s) = r(s), scales every
Q-value by 1 — ¢ and so leaves every comparison be-
tween sites, and with it the movement rules, unchanged
(cf. (Wiewiora 2003)).

Because the agent begins at site 0, the rule for as-
signing Q-values fixes Q(0) = 1/(1 — 7) immediately,
while all other sites are initialized with Q = 0. The far
site keeps Q(d) = 0 until the agent first reaches it: the
value Q(d) = R/(1 — vy) is assigned on reaching site d,
not in advance. The agent thus has no knowledge of the
far reward until exploration reveals it, at which time the
agent computes its long-term discounted value.

At the empty sites between the two rewards (s €
{1,2,...,d — 1} where r(s) = 0), the agent updates its
estimate by temporal-difference learning, which we call
state-value Q-learning:

Q(s) = r(s) + ymax{Q(s') : s" € n(s)}.

This recursion—a site’s value equals its immediate re-
ward plus the discounted value of its best neighbor—is
the standard Bellman update used in Q-learning. Two
choices adapt it to our setting. First, because the re-
ward at each site is fixed rather than noisy, the agent
overwrites its old estimate outright rather than aver-
aging old and new; in the language of Q-learning, the
learning rate is « = 1. Second, the agent stores a sin-
gle value per site rather than a separate value for each
available move, because a site’s location already deter-
mines which moves are possible. The agent updates
only the value of the site it occupies, so value estimates
propagate one site at a time as the walk proceeds.

Applying the Bellman update repeatedly as the
agent moves produces Q values that are monotone
across the sites visited in each phase of the walk.
Before the agent has visited site d, each site it has
visited has value Q(s) = /(1 — 7): the first step
sets Q(1) = v/(1 — ) from the reward at site 0, the
next sets Q(2) = 9%/(1 — ), and so on. Sites not yet
visited—including site -—remain at their initial value
Q = 0. Once the agent has reached site d, a similar
sequence of updates proceeds inward from the far
reward: in the high-discount regime each subsequently
visited site is updated to Q(s) = ¥ ~*R/(1 — 7), so that
walks are biased towards the distant reward.

More generally, for an arbitrary discount factor, the

Q values of sites visited after discovery of 4 will satisfy

,),s ,),d—sR
S) = max ’ s

which means that post-discovery walks are biased to
the left closer to s = 0 and to the right closer to s = 4.
In general, moving to the neighboring site with highest
Q value therefore moves the agent in the direction that
maximizes its expected discounted reward, given its
current knowledge of the reward landscape. In the high-
discount regime, where an agent that has found site d
is right-biased at every interior site, the TD formulation
coincides exactly with the two-phase biased random
walk described above.

Markov chain formulation

The movement of the agent, even outside the high-
discount regime, can be reduced to a Markov chain
on 2(d + 1) states. The Markov chain describes the same
movement as the TD learner, but it gives the agent’s
expected reward exactly, without simulating many runs.
At d = 8 and R = 5, the Markov chain prediction
matches the mean reward of 5000 TD-learner runs (SI
Appendix, Fig. S1).

Enumerating the states reachable from each state un-
der the movement rules above gives a transition matrix
P with at most two nonzero entries per row (see Mate-
rials and Methods). We write each state as a pair (s, B),
where s € {0, 1,... ,d} is the agent’s current site and
B € {0,1} flags whether or not it has yet visited site d.
Let pg be the initial distribution over states—here con-
centrated on state (0,0)—and let r be the reward vector,
with r = 1 on states (0, B), r = R on state (d,1), and 0
elsewhere. The expected cumulative reward over T + 1
steps is po Yo P'r. We instead use the discounted sum
over an infinite horizon, with the agent’s own discount
factor 7, which admits a closed form:

[e9)

m=poy v Pr=rpo(l-7P) 'r.
t=0

Setting v = 1 — 1/T recovers results close to—though
not identical to—the finite-horizon sum, consistent with
the characteristic time T ~ 1/(1 — 7) noted above.

Two competing agents

We now add a second, identical agent to the same en-
vironment. When both agents occupy the same site at
the same time, they split its reward. We assume R > 2,
so that an agent’s share of the far reward, R/2, still
exceeds the near reward 7(0) = 1, which is necessary
for an agent that has discovered site d to stay biased
towards it even when it must share.



Under the TD dynamics, an agent that has found
site d remains biased toward it from every site when-
ever 7' R/2 > 1. (On reaching d, an agent sets Q(d) =
R/(1 —1y) when foraging alone and Q(d) = R/[2(1 —
)] when sharing the reward.) We work in this regime,
choosing R, d, and v so that ’ydR/ 2 > 1. Each agent’s
reward then depends on the other’s location, but its
local movement rule does not, so we can reuse the
single-agent transition matrix and adjust only the re-
ward vector to account for splitting.

The parameters of the model, their interpretations,
and the ranges we consider are collected in Table 1.

Table 1 Parameters of the model

Symbol  Interpretation Range

d distance to the distant reward integer > 0
(lattice length)

R reward ratio, distant reward R >1(R > 2with
relative to the near reward two agents)

0% discount factor, setting the foraging 0<y <1
horizon T~ 1/(1 —7)

€ exploration rate, an agent’s strategy 0 <e <1

¢ exploration rate adopted after a 0<e <1

competitor’s signal that it has
reached the distant reward
(signaling model)

Results

An intermediate exploration rate is optimal for
distant, valuable rewards

What fixed exploration rate & maximizes a single
agent’s expected discounted reward, 7t(e)? Except in
extreme regimes, the expected discounted reward is
non-monotonic in the exploration rate, with one local
maximum at ¢ = 0 and another at an intermediate
exploration rate ¢ > 0 (Fig. 2A). Which of the two
exploration rates is the global reward maximizer, ¥,
depends on the relative value of the distant reward, R,
and the distance to reach it, d.

Pure exploitation (¢* = 0) is optimal when the dis-
tant reward is small or far away (e.g. R = 2.5, d =
10): the opportunity cost of travel outweighs the gain
from reaching site d. Increasing the value of the dis-
tant reward (R = 5, d = 10) or shortening the distance
(R = 2.5, d = 5) moves the optimal exploration rate
to the interior, so that some exploration is optimal. As
the distance d grows, this interior optimum shifts to
larger values of ¢, and less of the agent’s total reward is
collected from the distant site s = d.

The intuition is a tension between finding the distant
reward and exploiting it. Some exploration is needed
to reach site d at all, and the farther it is, the more
exploration this requires. But the exploration rate is

fixed, so an agent that explores enough to reach site
s = d also steps away from it at that same rate, forfeiting
reward in the process. The optimal exploration rate
balances these two effects; when the reward is too small
or too distant for the gain from reaching d to outweigh
the loss due to continued exploration, the optimum is
e =0.

A sharp boundary separates the parameters at which
exploiting is optimal from those at which exploring is
optimal (Fig. 2B,C). For fixed distance d, the optimum
stays at € = 0 until the reward benefit R crosses a
critical value R*(d), and then it jumps to a positive rate
and increases gradually. For fixed benefit R, the optimal
exploration rate increases with d up to a critical distance
d*(R), and then it drops discontinuously to ¢* = 0. The
critical reward ratio R*(d) increases with the distance
d, faster than linearly beyond the shortest distances,
and it decreases as the foraging horizon lengthens (SI
Appendix, Fig. S2).

Away from the boundary between exploiting and
exploring, the optimal exploration rate is robust to ran-
dom variation in the distance to the distant reward.
When the distance is random, d ~ Poisson(A) + 1 with
mean distance A + 1, the optimal exploration rate closely
matches that of the static environment withd = A + 1;
near that boundary the two optimal rates differ, in ei-
ther direction depending on the discount factor (see
SI Appendix, Fig. S3). Hence a single exploration rate,
chosen for the mean distance, is close to the best fixed
rate for a distance that varies about that mean, except
near the boundary between exploiting and exploring.

Two competing foragers play a game with multi-
ple equilibria
Strategies and payoffs

How should an agent explore when it must compete
with another agent for the same rewards? Rewards at a
shared site are split, and so the payoff to a focal agent
with exploration rate ¢; depends not only on the dis-
tance d to receive a reward benefit R, but also on the
exploration rate €, of the other agent. The choice of ex-
ploration rate therefore defines a symmetric two-player
game with continuous strategies: each agent’s strategy
is its exploration rate ¢ € [0, 1], its payoff is the expected
discounted reward 7t(eq,€2;d, R, ) it collects, and the
distance d, reward benefit R, and discount factor y en-
ter as exogenous parameters. We ask what exploration
rates two self-interested agents will tend to adopt—and
whether or not those rates maximize the payoff the two
of them collect together.

A competitor’s best response is non-monotonic in
the focal agent’s exploration rate (Fig. 3A). Because
each player’s strategy is continuous, the game is de-
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Figure 2 An intermediate exploration rate is optimal for distant, valuable rewards, and the optimum is non-monotonic in the distance.
(A) Expected discounted reward () of a single agent as a function of its exploration rate ¢ € [0, 1], for four combinations of
distance and reward: rows give the distance (d = 10 top, d = 5 bottom) and columns the reward ratio (R = 2.5 left, R = 5 right).
Each curve has a local maximum at ¢ = 0 and, except in extreme regimes, a second local maximum at an intermediate rate. The
color of each curve gives the fraction of the discounted reward that the agent collects from the distant site, from none in red
to all of it in blue. (B) The reward-maximizing rate €* as the distance d varies (top; reward ratio fixed at R = 10) and as the
reward ratio R varies (bottom; distance fixed at d = 10): the optimal rate rises with the distance and then falls discontinuously to
zero, and jumps from zero to a positive value as the reward ratio crosses a threshold. (C) The optimal rate €* over the plane of
reward ratio R and distance d, for three discount factors 7, from € = 0 in dark to ¢* = 1 in light. A sharp boundary separates
the region of pure exploitation (¢* = 0) from the region in which some exploration is optimal (¢* > 0), and the exploring region
widens as the foraging horizon lengthens. Parameters: R = 1.05-20, d = 1-30, v € {1 —1/1000, 1 — 1/5000, 1 — 1/100000} in
(C); y=1-1/5000 in (A) and (B).

scribed by a payoff function 711(eq1,€2) = ma(en,€1),
which becomes a payoff matrix when each player’s ex-
ploration rate is discretized on a fine grid (Fig. 3A, for
distant reward benefit R = 2.1 and distance d = 4).
Player 2’s best response function is the exploration
rate that maximizes its payoff given player 1’s rate,
BR(g1) = argmax,, my(€1,€2). When ¢ is low, player
1 rarely reaches the distant reward, which is left un-
contested, and so player 2’s best strategy is to explore.
When ¢; is moderate, player 1 both finds the distant

reward and exploits it effectively, and so player 2 does
best to stay at the near site s = 0 by choosing e, = 0.
And when ¢ is high, player 1 finds the distant reward
but then steps away from it at a high rate, and so explo-
ration is again optimal for player 2.

Against a competitor with a fixed exploration rate,
an agent faces a version of the single-agent problem:
its reward curve has one local maximum at ¢ = 0
and another at an intermediate exploration rate e, > 0
(Fig. 3B). Varying player 1’s exploration rate deforms
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similar shape to the single-agent reward curve, and changing player 1’s rate deforms that curve in the way that changing the
reward ratio R deforms the single-agent one, exactly so when player 1 never explores. Between ¢; = 0.27 and ¢; = 0.31 the
best response moves discontinuously from the interior maximum to e, = 0. Curve color gives the fraction of player 2’s reward
collected from the distant site, from none in red to all of it in blue. Parameters: d = 4, R = 2.1, v = 1 — 1/5000.

this curve. The correspondence to the single-agent prob-
lem is exact when player 1 never explores: if g1 = 0,
player 1 stays at site s = 0, so player 2 collects only half
the near reward whenever it is there, while the distant
reward is uncontested. Player 2 therefore faces an en-
vironment equivalent to the single-agent problem with
the distant reward benefit doubled, R’ = 2R, and total
payoff scaled by a factor of 1/2.

A competitor that finds and exploits the distant re-
ward lowers the value of that reward to the other agent,
since the two players split it whenever both are there.
And just as a single agent’s optimal exploration rate
drops discontinuously to zero when the reward benefit
falls below the critical value R*(d), player 2’s best re-
sponse drops discontinuously—from an intermediate
rate to ey = 0—as & increases. The discontinuity occurs
at the value of player 1’s exploration rate &1 at which the
interior local maximum of player 2’s reward curve falls
below its value at zero exploration, e, = 0, so that the
global reward maximizer changes from an intermediate
rate to e = 0 (Fig. 3B). Hence player 2’s best response
has the same structure as the single-agent optimum—an
interior exploration rate that drops discontinuously to
zero—with the competitor’s exploration rate €, rather
than the reward ratio R, as the quantity that crosses the
threshold.

Nash equilibria

A Nash equilibrium is a pair of exploration rates at
which neither player can increase its payoff by unilat-

erally changing its own rate, namely an intersection of
the two best-response curves, where BR(g1) = €, and
BR(ez) = €. Because the game is symmetric, player
1’s best-response curve is player 2’s reflected across the
diagonal €1 = €;. For the example parameters of Fig. 3
(distant reward benefit R = 2.1, distance d = 4) there
are three Nash equilibria: one in which both players
explore at the same intermediate rate (¢ = €3 > 0),
and a pair related by exchanging the players’ labels, in
which one player stays at the near site while the other
explores (1 = 0 and & > 0, or vice versa). We refer to
the symmetric equilibrium as “both explore” and to the
two asymmetric equilibria as “anti-coordination,” since
the players adopt opposite behaviors.

Across a sweep of the exogenous parameters, the set
of Nash equilibria takes one of four forms: {both explore,
anti-coordination}, {both explore}, {anti-coordination},
and {both stay} (Fig. 5, top row). Only the set {both ex-
plore, anti-coordination} contains Nash equilibria of two
types, and this set occurs only in a narrow interval of re-
ward ratios at the border between the anti-coordination
and both-explore regions. At distance d = 4 and dis-
count factor v = 1 —1/5000, for example, both the
symmetric equilibrium and the anti-coordination pairs
are Nash equilibria at reward ratio R = 2.1 (Fig. 3),
whereas at R = 2.15 the anti-coordination pairs are no
longer Nash equilibria. In particular, when both agents
staying is a Nash equilibrium it is the only one, because
staying is then the best response to every exploration
rate of the competitor (SI Appendix, section S5).



Competition thus produces a qualitatively new out-
come: at an anti-coordination equilibrium, two identical
agents adopt different behaviors—one stays while the
other explores. Moreover, the Nash equilibria are of-
ten multiple, so the game’s parameters alone do not
determine which behaviors two self-interested agents
will adopt. Which equilibrium a pair of agents reaches—
if any—depends on how they adjust their exploration
rates over time, the question we take up next.

Locally stable equilibria

Which strategy pairs do agents reach when they ad-
just their exploration rates incrementally, and do those
pairs coincide with the Nash equilibria? Finding a Nash
equilibrium requires each agent to compare its payoff
across the entire space of alternative exploration rates,
and to perform this computation from the perspective
of the opponent as well. Organisms may lack the cogni-
tive capacity for this global comparison; more plausibly,
they adjust behaviors incrementally, by small changes
tested over the course of many games, or by mutations
of small effect across generations. We therefore consider
myopically updating agents, who after each game shift
their exploration rate by a small amount in the direction
that increases their payoff.

After each game, each player either keeps its
exploration rate or changes it to the neighboring
value just below or just above. Each player chooses,
among these three neighboring rates, written N(g;),
the rate that maximizes its payoff against the other
player’s current strategy; player 1, for example, adopts
argmax,c (¢, ) 711 (¢, €2). For most values of the exoge-
nous parameters this dynamic has four “locally stable
equilibria” (sometimes called local Nash equilibria, in
continuous games)—strategy pairs at which neither
player can increase its own payoff by a local adjustment
(Fig. 4, bottom row). We interpret these locally stable
equilibria as the possible outcomes of an evolutionary,
or myopic, process.

Locally stable equilibria fall into three types:
both agents staying, both agents exploring, and anti-
coordination. At the “both explore” outcome (g, €), the
common exploration rate lies close to the exploration
rate at the interior local maximum of the single-agent
reward curve, for the same distance d and reward bene-
fit R (SI Appendix, Fig. S4). When the distant reward is
small and far away (high 4, low R), the “both explore”
outcome disappears, leaving three locally stable equi-
libria; in still more extreme regimes anti-coordination
disappears as well, leaving “both stay” as the sole evo-
lutionary outcome. Hence the number of behaviors a
myopic pair can converge on falls as the distant reward
becomes smaller or more distant—"both explore” is
lost first and anti-coordination next—and wherever

more than one outcome remains stable, the outcome
the agents reach depends not only on the parameters of
the environment but also on the exploration rates they
begin with.

Competition produces a social dilemma

Competing agents often converge to socially suboptimal
exploration rates. We define the collective payoff of a
strategy pair as the sum of the two players’ payoffs,
I1(eq,€2) == m11(€1,€2) + M2(€1, €2), and we measure ev-
ery outcome against the globally optimal collective pay-
off,

IT":= max

H 4 7
(2 o TT(E1 2)

the largest collective payoff achievable by any strategy
pair. A strategy pair is socially suboptimal if its collective
payoff falls short of IT*.

A social dilemma arises when the strategy pair that
self-interested agents reach is socially suboptimal. Such
a dilemma can arise in three nested kinds, each more
demanding than the last:

1. At least one locally stable equilibrium is socially sub-
optimal. Myopic agents may converge to a strat-
egy pair whose collective payoff falls short of the
global optimum IT*.

2. One locally stable equilibrium is collectively worse than
another locally stable equilibrium. From some initial
conditions, the local dynamics converge to an out-
come collectively worse than the one reached from
other initial conditions.

3. Some Nash equilibrium is collectively worse than an-
other locally stable equilibrium. Even agents playing
global best responses may remain at a subopti-
mal Nash equilibrium: neither can improve its
payoff alone, yet another dynamically achievable
outcome yields a higher collective payoff. We call a
dilemma of this third kind a strict social dilemma;
we focus on strict social dilemmas for the rest of
our study.

Every Nash equilibrium is also locally stable, so each
strict dilemma is also a dilemma of the second kind,
and each dilemma of the second kind is a dilemma of
the first kind.

Social dilemmas of the first kind are ubiquitous. For
any distance d > 2, any positive reward values and
any discount factor <y, both agents staying is a locally
stable equilibrium, and every anti-coordination pair has
a higher collective payoff (SI Appendix, section S3). In
many cases, the locally stable equilibrium at which both
agents stay is far worse than the global social optimum
(SI Appendix, Fig. S5). Averaged over initial pairs of
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Figure 4 Each of four parameter regimes has four locally stable equilibria of the same three types, while the basins of attraction
from which they are reached change markedly. Columns give four combinations of distance and reward ratio, (d,R) = (4,2.1),
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orange where both agents end up staying, blue where both explore, and green at anti-coordination. Circles mark the locally
stable equilibria themselves, colored by outcome, and magenta rings mark the locally stable equilibrium or equilibria with the

highest collective payoff. Parameters: v = 1 — 1/5000.

exploration rates, the collective payoff reached under
the local best-response dynamics—what a randomly
initialized pair can expect—Ilies near the global optimum
at short distances, except at the shortest distance, d =1,
when the reward ratio is small, and falls furthest below
it at large reward ratios and intermediate distances (SI
Appendix, Fig. 56).

Dilemmas of the second kind are also nearly univer-
sal. The only exceptions are parameters at which every
locally stable equilibrium has the same collective payoff
(SI Appendix, Table S1). An anti-coordination pair always
has a higher collective payoff than “both stay,” so when
both staying and an anti-coordination pair are locally
stable, there is guaranteed to be a dilemma of the sec-
ond kind. The collective payoff at an anti-coordination
pair (¢,0) equals exactly the both-stay payoff 1/(1 — )
plus the reward the exploring agent collects from the
distant site: the distant reward R times the expected
discounted time the explorer spends there, ﬁ(s), which
is positive whenever the explorer reaches site d with
positive probability (SI Appendix, section S4). Among
anti-coordination pairs the collective payoff varies with
the explorer’s rate only through the time that agent
spends at the distant reward, so the socially optimal
rate of exploration is set by the distance d and the for-

aging horizon alone: raising the reward ratio R changes
which behaviors are equilibria without changing that
rate (SI Appendix, section S4).

Strict dilemmas occur only for a subset of the ex-
ogenous parameters, and in every case the suboptimal
Nash equilibrium is of the both-stay or the both-explore
type, never anti-coordination: in the plane of reward
ratio R and distance d, strict dilemmas occur on the two
sides of the region in which the Nash equilibria are of
the anti-coordination type, and not within it (Fig. 5).
With reward benefit R = 2.1 and distance d = 4, for
example, the “both explore” Nash equilibrium achieves
a collective payoff only 84% of that at the best locally
stable equilibrium, and yet it is reached from 83% of
initial conditions (Fig. 4, first column).

At large distances d and small reward ratios R, Nash
equilibria are of the both-stay type, because the gain
from reaching the distant reward does not exceed the
opportunity cost of travel. Both agents staying is a Nash
equilibrium exactly when the reward ratio is at most
half the critical value R*(d) at which a lone agent begins
to explore, R < R*(d)/2, because an agent facing a com-
petitor that stays faces the single-agent problem with
the reward ratio doubled; the boundary of the both-
stay region in Fig. 5 therefore lies at half the reward
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Nash equilibrium has a lower collective payoff than another locally stable equilibrium. At large distance and small reward ratio
the Nash equilibria are of the both-stay type, because exploration is too costly; as the distance decreases and the reward ratio
increases, the Nash equilibria are first of the anti-coordination type and then of the both-explore type. Parameters: R = 2.1-20,
d =2-30, v € {1 -1/1000, 1 —1/5000, 1 — 1/100000} from left to right.

ratio of the boundary between exploiting and explor-
ing in Fig. 2C (SI Appendix, section S5). In part of this
regime the anti-coordination pairs, which always have a
higher collective payoff than “both stay,” remain locally
stable, producing a strict dilemma. “Both stay” is the
socially optimal locally stable equilibrium only where
anti-coordination is not itself locally stable; at those
parameters no locally stable equilibrium is collectively
better than the Nash equilibrium at which both agents
stay, and no strict dilemma occurs (Fig. 5, bottom left).

At intermediate distances d and reward ratios R, the
Nash equilibria are of the anti-coordination type. Across
our parameter range, whenever anti-coordination is
a Nash equilibrium it is also the socially optimal lo-
cally stable equilibrium (Table 2), so anti-coordination
is never the suboptimal Nash equilibrium of a strict
dilemma. At smaller distances and larger reward ratios
the Nash equilibria are of the both-explore type. In the
narrow interval of reward ratios at the border between
these two regions, Nash equilibria of both types are
present at once, and a strict dilemma occurs wherever
the both-explore equilibrium is collectively worse than
anti-coordination.

Strict dilemmas also occur where both agents ex-
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Table 2 Nash and social optimality among locally stable equi-
libria

Locally stable Socially  Not socially
equilibrium optimal optimal
Both explore, (¢, ¢€) Nash 53.7% 5.7%
Not Nash 0.0% 40.6%
Anti-coordination, (¢,0) Nash 20.2% 0.0%
Not Nash 29.9% 49.9%

Cross-tabulation of social optimality against whether a strategy pair
is a Nash equilibrium, among locally stable equilibria at which both
agents explore ((¢,¢€)) and at which the agents anti-coordinate ((e,0)
and (0, ¢)). A locally stable equilibrium is counted as socially optimal
when its collective payoff is the largest among the locally stable
equilibria at the same parameters. Collected from a sweep of the
distance d = 1-30, the reward ratio R = 2.1-20, and three discount
factors y € {1 —1/1000, 1 —1/5000, 1 — 1/100000}.

plore at the Nash equilibrium, at reward ratios just
above those at which anti-coordination is the Nash equi-
librium (Fig. 5). There the pair would collect more if
one agent stayed at the near reward while the other
explored, but neither agent gains by being the one to
stop exploring. These dilemmas occur at larger reward
ratios R for larger distances d. Anti-coordination re-



mains locally stable through most of this range, but it is
not a Nash equilibrium. We write ey for the common
rate of the both-explore equilibrium and e4¢ for the
rate of the exploring agent at anti-coordination. Where
these dilemmas occur the reward ratio is high enough
that an agent facing a competitor at the symmetric rate
earns more by exploring at that rate than by staying,
n(en, en) > 71(0,en), but not so high that two explor-
ers collectively out-earn one explorer and one stayer,
27T(€N,€N) < 7'((0, €Ac) + 7T(€Ac,0).

The strict dilemmas on the two sides of the anti-
coordination region share one explanation: a division of
labor, in which one agent stays at the near reward while
the other explores, achieves a higher collective payoff
than either suboptimal Nash equilibrium. Under that di-
vision the near reward is collected on every step—by the
agent that stays alone, or split between the two when the
explorer returns to site s = 0, so that the pair receives
the whole of it either way—and the distant reward is
never contested. Where the gain from reaching the dis-
tant reward does not exceed the opportunity cost of
travel, both agents stay instead. Where the reward ratio
is high enough that exploring pays against a competitor
at the symmetric rate, both agents explore instead: each
spends time in transit collecting nothing, the near re-
ward goes uncollected much of the time, and whenever
both reach the distant reward they must split it. Explor-
ing is then individually worthwhile—each agent earns
more by exploring at that rate than it would by staying—
but it lowers the collective payoff. Only when the distant
reward is large enough does the distant reward gained
by a second explorer exceed the near reward forgone
when neither agent remains at site s 0, and both
agents exploring becomes socially optimal as well as a
Nash equilibrium (Table 2, SI Appendix, Fig. S7).

Strict dilemmas usually involve a conflict of in-
terest

Most strict social dilemmas are conflicts of interest be-
tween the two agents: no alternative locally stable equi-
librium makes both agents better off. Reaching a col-
lectively better outcome requires one agent to change
its behavior, and that agent receives a lower payoff: if
both agents stay at the Nash equilibrium, it must start
exploring; if both explore, it must stop. A mechanism
that relies on each agent’s self-interest therefore cannot
reach the better outcome in these dilemmas.

We distinguish collective from Pareto dilemmas, sepa-
rately for each of the three kinds of social dilemmas we
have defined. A collective dilemma requires only that
the collective payoff of the suboptimal pair (e, €3) fall
short of that of an alternative pair (1, £3),

m(e1,€2) + (en, €1) < m(€1,82) + (€2, €1).
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A Pareto dilemma requires in addition that each agent
individually receive a higher payoff at the alternative
strategy pair,

7'((81,82) < 7T(§1,§2) and 7'[(82,81) < ﬂ(gz,él),

so that the alternative strategy pair Pareto-dominates
the suboptimal one. Every Pareto dilemma is there-
fore also a collective dilemma. Ties are excluded: the
strategy space is continuous, so exact equalities are non-
generic. The game of Fig. 3 is a strict Pareto dilemma:
both agents receive more at each anti-coordination Nash
equilibrium than at the Nash equilibrium at which both
explore.

Pareto dilemmas of the first and second kinds are
nearly universal, but strict Pareto dilemmas are rare (SI
Appendix, Table S1). Strict Pareto dilemmas resemble
a Prisoner’s Dilemma in that each agent individually
would receive a higher payoff at an alternative, dynam-
ically achievable outcome. Such dilemmas can occur
when the Nash equilibria are of the both-stay or the
both-explore type, and in either case they lie on the
border with anti-coordination in the plane of reward
ratio R and distance d.

The intuition for the case in which both agents ex-
plore at the equilibrium is that the agent that must
stop exploring gives up the distant reward entirely. At
the symmetric equilibrium both agents explore, and
each collects some share of what the distant site pro-
vides. Reaching anti-coordination requires one of them
to lower its exploration rate to zero, after which it never
reaches the distant site at all and its payoff consists en-
tirely of the near reward, which it now shares only on
the time steps when its competitor happens to return
there. That agent gains the share of the near reward it
used to give up and loses everything it used to collect
from the distant site. The change to anti-coordination
raises that agent’s payoff only when, at the symmetric
equilibrium, exploring earns it little more than staying
would, which is why the strict dilemmas that admit
a Pareto improvement lie along the border with anti-
coordination rather than in the interior of the region
where both agents explore.

Signaling can remove suboptimal equilibria

Can communication of the simplest kind remove the
suboptimal Nash equilibria of the preceding sections,
including those of strict Pareto dilemmas? In the model
so far, each agent uses a single exploration rate from the
first step to the last, and the two agents interact only by
splitting rewards. Real organisms respond to cues that
a competitor has located food, and even a hardwired
rule can encode such a response. We therefore consider
a modification of the model in which each agent can
change its exploration rate &£ upon receiving a signal
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from left to right. The grid, the reward ratios shown, and the omitted parameter combinations are described in SI Appendix,

section S8.2.

that the other agent has found the distant reward at site
s=d.

Suppose one agent, when reaching site s = d, sends
out a signal to the other agent that it has found the dis-
tant reward. The signal may be sent actively, as a sound
or a pheromone, or may represent the other agent’s
passive observation of the discovery. When the first
agent sends this signal, the other agent deterministi-
cally changes its exploration rate. (In the event they
both reach the reward at the same time, we assume
they both keep their original exploration rate.) A strat-
egy in this signaling model is therefore an ordered pair
(¢i,€), where ¢, is agent i’s exploration rate before any
signal and ¢/ represents its updated exploration rate
after receiving a signal from agent j. A pair of signaling
strategies is locally stable if neither agent can increase
its payoff by changing one or both of its two exploration
rates by one grid step. This model is implemented as a
block Markov chain with four phases: one for the initial
stage, two terminal phases when either agent reaches
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d alone, and another terminal phase if they both reach
d at the same time. A full construction is given in SI
Appendix, section S8.1. The signal does not communicate
the size of the distant reward R, so an agent receiving
it cannot infer that the distant reward exceeds the near
one.

The intuition is that the signal is received exactly
when a division of labor becomes worth adopting. Be-
fore either agent has found the distant reward, the two
agents face the same problem, and both explore. Once
one of them reaches site d it becomes biased toward that
site and spends most of its time there, so from that mo-
ment any further exploration by the other agent would
move it to a site whose reward it must share, while the
near reward is available to it alone. For the agent that
receives the signal the near reward is therefore worth
more, and the distant reward worth less, than a mo-
ment earlier, and lowering its exploration rate becomes
the better response. The pair can therefore reach an
anti-coordination outcome without either agent having



to lower its exploration rate to zero before the distant
reward has been found.

Signaling can replace a suboptimal Nash equilib-
rium with a socially optimal one. For example, without
signaling, the game at distance d = 4 and reward ra-
tio R = 2.1 (Fig. 3) has four locally stable equilibria
and three Nash equilibria, including a suboptimal Nash
equilibrium at which both agents explore, which has a
large basin of attraction (Fig. 4) and makes the game
a strict Pareto dilemma: each anti-coordination Nash
equilibrium gives both agents a higher payoff. With
signaling, that both-explore pair is no longer a Nash
equilibrium, and the only Nash equilibrium is the pair
at which each agent’s strategy is (0.36,0) (Table 3): both
agents explore until one reaches the distant reward, after
which the other stays at the near reward. The collective
payoff at this equilibrium exceeds that of every strategy
pair available without signaling. Signaling therefore re-
moves the strict Pareto dilemma of this example, and
it raises the collective payoff at the worst Nash equilib-
rium by 21%, from 9357 to 11362, on the 51-rate grid of
Table 3 (it raises the payoff 20.9% on the finer grid of
Figure 6). The Nash equilibrium under signaling is not
the global optimum of the signaling game: its collective
payoff is 97.8% of the largest collective payoff over all
pairs of signaling strategies, 11612, which is attained
at a pair that is not a Nash equilibrium. All locally sta-
ble equilibria under signaling besides ((0,0), (0,0)), at
which both agents stay, have a higher collective payoff
than the both-explore locally stable equilibrium of the
baseline model. Signaling therefore does not only re-
move the suboptimal Nash equilibrium: it replaces it
with a Nash equilibrium that is socially optimal, and
whose collective payoff exceeds that of every strategy
pair available without signaling.

Signaling removes many of the strict dilemmas in
which both agents explore at the Nash equilibrium
(Fig. 6, top). Where the Nash equilibria are of the both-
stay type, signaling does not remove the dilemma, and
cannot: a signal is sent only once an agent has reached
the distant site, and in that regime neither agent ex-
plores enough to reach it. Wherever signaling removes a
strict dilemma, every Nash equilibrium that remains is a
socially optimal locally stable equilibrium, so the subop-
timal Nash equilibrium is replaced by a socially optimal
one. Where signaling does remove the dilemma, the
collective payoff at the worst Nash equilibrium rises by
as much as 20.9% (SI Appendix, Table S2). That improve-
ment is smallest at large distance and large reward ratio,
but in those regimes the worst Nash equilibrium with-
out signaling already lies close to the social optimum,
so the possible gain is small (Fig. 6, bottom).

Signaling removes even strict Pareto dilemmas, in
which each agent individually, and not only the pair
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Table 3 A signal that a competitor has found the distant re-
ward removes the suboptimal Nash equilibrium

Strategy pair Payoff Nash Social opt. Loc. stable
No signaling, (€1, ¢€2)

(0.3, 0.0)* 11082  Yes Yes Yes
(0.28, 0.28) 9357  Yes No Yes
(0.0,0.0) 5000 No No Yes
Signaling, ((e1,€}), (e2,€5))

((0.36, 0.0), (0.36, 0.0)) 11362  Yes Yes Yes
((0.3,0.3), (0.0, 0.0))* 11082  No No Yes
((0.36,0.22), (0.3,0.0))* 10849 No No Yes
(0.3, 0.22), (0.3, 0.22)) 9856  No No Yes
((0.3,0.3), (0.0, 0.22))* 9477  No No Yes
((0.0, 0.0), (0.0, 0.0)) 5000 No No Yes
((0.28,0.28), (0.28,0.28)) 9357 No No No

Locally stable equilibria under the baseline (non-signaling) model
(top) and the signaling model (bottom). With signaling a single Nash
equilibrium remains, and it has a higher collective payoff than any
locally stable equilibrium without signaling. Payoff is the collective
payoff of the pair, the sum of the two agents” expected discounted
rewards, and the social optimum is the locally stable equilibrium with
the largest collective payoff. A signaling strategy is an ordered pair
(ei,€}): the exploration rate agent i uses before any signal, and the rate
it adopts after its competitor signals that it has reached the distant
reward. An asterisk marks a strategy pair (a,b) whose counterpart
with the players’ labels exchanged, (b, a), is also a locally stable equi-
librium but is not listed. When one agent’s initial exploration rate is
zero it never reaches the distant site, so its competitor never receives
a signal and that competitor’s post-signal rate s} is arbitrary; we set

e = g in the table, so that each such row stands for a set of locally
stable equilibria. Parameters: d =4, R = 2.1, v = 1 — 1/5000.

collectively, would receive a higher payoff at another
locally stable equilibrium. Among strict dilemmas in
which both agents explore at the worst Nash equilib-
rium, and across the three foraging horizons, signaling
removes 45-100% of Pareto dilemmas but only 8-29%
of those that fall short collectively alone; and where
signaling does remove a dilemma, the resulting gain in
collective payoff at the worst Nash equilibrium is larger
for the Pareto cases than for the others (SI Appendix,
Table S2). Hence the dilemmas a signal is most likely
to remove are those in which both agents, and not only
the pair, gain by moving to the better outcome.

Discussion

Organisms must constantly weigh exploiting the re-
sources they know against exploring for better ones,
and the balance that serves them best is rarely obvious.
A forager that explores too much never remains long
enough at any resource to profit from it, whereas one
that explores too little stays at a poorer resource while
a richer one goes undiscovered. The problem becomes
harder still when other foragers share the environment,
because the best behavior for each forager then depends
on what its competitors do. We have asked how a sim-



ple, evolutionarily plausible forager should resolve this
tradeoff. Rather than model an algorithm that tunes its
exploration over time, which demands a cognitive so-
phistication many animals lack, we take the exploration
rate to be a single fixed parameter, an intrinsic e-greedy
tendency shaped by natural selection to suit an animal’s
ecology.

When two foragers share a lattice and split rewards,
the choice of exploration rate becomes a symmetric two-
player game with social dilemmas of three nested kinds.
In the mildest and most pervasive kind, some locally
stable equilibrium is collectively suboptimal; in the most
demanding kind, a strict social dilemma, a Nash equi-
librium at which both agents stay or both explore is
collectively worse than an anti-coordination outcome,
in which one agent explores while the other stays at
the near reward. Most strict dilemmas are conflicts of
interest: the better outcome would lower the payoff of
one agent, the one that would have to start exploring
when both stay, or to stop when both explore. Only
rarely does the alternative Pareto-dominate the equilib-
rium, leaving both agents better off, as in a Prisoner’s
Dilemma. A minimal signal, one agent informing the
other that it has reached the distant reward, removes
many of the dilemmas in which both agents explore at
the equilibrium, most often those in which the alterna-
tive Pareto-dominates.

The behaviors the model produces have counterparts
in foraging animals. The anti-coordination outcome re-
sembles the division of effort documented when ant
colonies exploit two feeders, in which some individuals
commit to a known source while others continue to
range, and colonies of different species differ in how
they divide this effort, the kind of intrinsic variation
our fixed exploration rate represents (Latty and Beek-
man 2013). The signal in our model also has natural
counterparts: foragers routinely respond to cues that a
competitor has located food, whether an actively pro-
duced pheromone or the observation of another individ-
ual moving toward a resource (Giraldeau and Caraco
2018). Our results suggest that such communication is
valuable not only because it conveys where food lies,
but because it can replace an equilibrium that is col-
lectively worse than an achievable alternative with a
socially better division of effort.

Among ecological models, the anti-coordination
equilibrium resembles the producer—scrounger game,
in which some individuals locate resources and others
exploit what those individuals find (Barnard and Sibly
1981; Giraldeau and Caraco 2018); but the agent that
stays in our model collects a separate resource rather
than its competitor’s discovery, and a reward at a site
both agents occupy is split. McNamara and Houston
(McNamara and Houston 1985) bring learning into op-
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timal foraging theory for a single forager; our signaling
model adds the minimal social element to that setting.
Real foragers often search by committing to bouts of
directed travel, as in intermittent-search and Lévy-walk
models (Bénichou et al. 2011; Viswanathan et al. 1999),
and bumblebees combine reward learning with strong
spatial fidelity to familiar patches (Biernaskie et al. 2009;
Crall et al. 2018); these studies concern the efficiency of
search, a separate matter from the tradeoff that e-greedy
represents.

Our results relate to several literatures that have
developed largely apart from one another. Within re-
inforcement learning, most treatments of exploration
specify how it should change over time rather than
what constant rate is best: regret-minimizing bandit
algorithms (Lai and Robbins 1985; Auer et al. 2002),
the Gittins index for discounted bandits (Gittins 1979),
and the annealing schedules of stochastic optimization,
which lower a temperature parameter that controls ex-
ploration (Kirkpatrick et al. 1983). The schedules that
can be proven sufficient are typically more conservative
than what performs well in practice (Auer et al. 2002;
Kuleshov and Precup 2014). Dynamic programming
solves the underlying problem exactly (Bellman 1957;
Puterman 1994; Sutton and Barto 2018), but it requires
a model of the environment held in advance, including
the reward at unvisited sites, which is what exploration
would discover, and it is unlikely that animals, or hu-
mans deciding in natural settings, perform such a com-
putation. Dynamic programming and heuristics such
as optimistic initialization (Machado et al. 2014) also
return a policy rather than an exploration rate, and so
do not say how often a cognitively simple agent should
explore. Empirical comparisons find that e-greedy per-
forms close to the best available algorithms (Vermorel
and Mohri 2005; Kuleshov and Precup 2014), but they
tune the exploration rate separately for each problem
and do not relate it to the structure of the environment.
Our single-agent analysis supplies that relation for one
spatial environment: the optimal rate increases with the
value of the distant reward, and increases and then falls
to zero with the distance to it.

The standard multi-armed bandit problem has a sin-
gle learner. Its multiplayer extensions, in which several
learners compete, typically assume competitive exclu-
sion: two agents that choose the same option collide
and gain nothing (Boursier and Perchet 2024; Rosenski
et al. 2016; Liu and Zhao 2010). Xu et al. (2023) instead
allow rewards to be shared, as we do, and find a Nash
equilibrium in which the number of agents at each op-
tion is roughly proportional to its value, as in the ideal
free distribution of foraging theory (Fretwell and Lucas
1969; Parker and Sutherland 1986). In those models an
agent chooses an option directly; in ours its strategy is



an exploration rate and travel is costly, so the agents
are not distributed in proportion to resource value, and
the Nash equilibria instead fall into three discrete types:
both agents exploring, one exploring and one staying,
and both staying.

Our assumption of a fixed exploration tendency re-
lates our model to work on how nervous systems control
exploration: dopamine signals the reward-prediction er-
ror of temporal-difference learning (Schultz et al. 1997)
and has been proposed to encode the opportunity cost
of time (Niv et al. 2007), the cost that travel imposes in
our model. How the brain arbitrates between habitual
and deliberative control, and how animals weigh the
opportunity cost of persistence while foraging, are ac-
tive questions (Daw et al. 2005; Constantino and Daw
2015). Rather than ask how a single agent should time
or direct its exploration, we ask what fixed rate is best.

Our analysis of which outcomes are reached, as dis-
tinct from which are optimal, places the model within
evolutionary game theory: we ask not only whether a
strategy pair is a Nash equilibrium but whether myopic,
incremental adjustment converges on it (Smith and Price
1973; Hofbauer and Sigmund 1998). Certain forms of
reinforcement learning converge, in a suitable limit, to
the replicator dynamics (Borgers and Sarin 1997), so
an exploration rate adjusted within a lifetime and one
shaped by selection across generations obey related dy-
namics. Our fixed exploration rate can then be treated
as an evolved trait, and the consistent, heritable differ-
ences in exploration documented as animal personality
(Dingemanse and Wolf 2010; Wolf and Weissing 2010)
as the variation on which selection would act.

We have restricted our analysis to a one-dimensional
lattice, whereas animals often forage in two or three di-
mensions. Because the two agents move independently
and interact only by splitting rewards, each agent’s
payoff equals its solitary payoff reduced by half of the
reward it collects when it shares a site with its competi-
tor (SI Appendix, section S4). The solitary payoff and the
shared reward are both determined by how often a lone
agent occupies each reward site at each time, so the envi-
ronment enters the game only through those two single-
agent quantities. We conjecture that the same qualitative
behavior arises in higher-dimensional lattices, in other
graphs, and in environments with clustered rewards,
with the exploration rates at which an agent reaches the
distant reward rescaled by how long discovery takes.
The two-site model of SI Appendix, section S7, which
retains distance only through a hitting probability and
a hitting time and reproduces the dilemma (SI Appendix,
Fig. 58), is the simplest such case. An unbiased random
walk in three or more dimensions is transient, but our
walk is biased toward the highest reward found and
the lattice is finite; confirming the conjecture in higher
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dimensions remains for future study.

A second limitation concerns the search rule. An
e-greedy forager does not commit to a bout of explo-
ration: after a single exploratory step it exploits again
with probability 1 — ¢, which tends to return it toward
the reward it just left, so that at the short distance exam-
ined in SI Appendix, Fig. S9, an agent rarely reaches the
distant site before returning to the near one unless its
exploration rate is high. Osband et al. (2019) make the
same point about e-greedy in a different setting. Real
foragers sometimes commit to bouts of travel, and a
rule that commits, such as a Lévy walk (Viswanathan
et al. 1999), may perform better even among rules with
a single fixed parameter. We retain e-greedy because our
question concerns the exploration-exploitation tradeoff
rather than the efficiency of search, and because it is the
simplest rule with which to study that tradeoff.

We have also held the environment fixed. In reality
an organism may meet similarly structured environ-
ments repeatedly, and an exploration rate shaped by
selection would reflect that distribution of environments;
nor can an agent know that its environment is static, or
that a higher reward exists at all, and that uncertainty
is part of what makes a nonzero exploration rate worth-
while. If a patch is exhausted and foraging restarts at
a fixed rate «, so that both agents return to the near
reward with no knowledge of the distant one, the two
agents face exactly the same game as in the static model
with the discount factor reduced from v to y(1 —«), as
long as that factor remains in the high-discount regime,
so the equilibria and the social dilemma are those of
the static model with a shorter foraging horizon (SI
Appendix, section 56). Our comparison across discount
factors therefore already spans patches from long-lived
to quickly renewed. Environmental change that shifts
reward values during foraging, while leaving the agents’
positions and value estimates intact, remains to be ana-
lyzed.

Finally, we have treated only two competing agents.
A population model with heritable exploration rates
would show whether the socially suboptimal equilib-
ria we identify are the ones that evolve, and whether
signaling can itself be favored by selection. Costly dis-
covery and shared rewards are the rule rather than the
exception when animals forage together, so both the
collectively suboptimal exploration we identify and the
minimal signals that can remove it may be widespread
in nature.

Methods

The analysis uses three constructions: the transition
matrix of a single agent, its extension to two agents by
a Kronecker product, and a decomposition that uses the



linearity of the payoff in the two reward values, so that
a whole grid of rewards costs two linear solves rather
than one per value.

The single-agent transition matrix

Lets € {0,1,2,...,d} represent the current position of
the agent and B € {0,1} a binary variable indicating
whether or not the agent has ever visited site d. If S =
2(d +1) is the number of possible states (s, B), then
P € R5*S is the transition matrix with the following
rules, which give the Markov chain of the Model section
explicitly. We do not assume the high-discount regime
here, so that the construction covers every discount
factor . The position at which the two rewards have
equal discounted value, x*, therefore enters the rules:
it solves v¥ = 99 "*'R, so that x* = (d + log, R)/2,
and it need not be a site of the lattice. An agent that
has visited site d exploits toward site 0 from positions
s < x*, exploits toward site d from positions s > x¥,
and moves in either direction with equal probability
at x* itself. In the high-discount regime the condition
7R > 1 gives log, R < —d and hence x* < 0, so every
site lies beyond x* and the rules below reduce to the
two-phase walk described in the Model section.

Site Left,tos —1 Stay Right, tos+1
s=0 - 1—¢ €
B_OO<s<d 1—¢/2 0 e/2
s=0<x* - 1—¢ €
s=02>x* - 0 1
B—1 0<s<x* 1-¢/2 0 e/2
T T 0<s=x" 1/2 0 1/2
max(0,x*) <s < d e/2 0 1—¢/2
s=d € 1—¢ -

Each row gives the probabilities that an agent in state
(s, B) steps to site s — 1, stays at site s, or steps to site
s+ 1. The flag B is unchanged except that a step onto
site d sets B = 1, so the state (d,0) never occurs; at
distance d = 1, the step from site 0 moves the agent
directly to state (1,1).

The two-agent transition matrix and reward vec-
tors

Let P; be the transition matrix governing the behav-
ior of player i. We assume 7 and R large enough that
7IR/2 > 1, that is, either player will always prefer the
larger reward after visiting it, even when splitting re-
wards. The joint transition matrix for both players is the
Kronecker product

K=P ®P, € RS*S.

The joint transition matrix is a Kronecker product be-
cause each agent’s movement rule depends only on its
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own state (s;, B;) and not on where the other agent is,
so the two chains run independently. Only player i’s
reward vector r; € RS’ depends on the other agent, and
only through whether the two share a site.

Let s; denote the current site of agent i. We write
the near reward as Ry and the distant reward as R, so
that Rgp = r(0) = 1 and Ry = r(d) = R. Given joint state
z = ((s1,By), (s2, B2)), define the function

_ 1{s; = 0}
%14 1{s; =0}

1{5,‘ = d}

ri(z) T 1{s; = d}’

where j denotes the other agent, so that the two agents
split a reward when they occupy the same site, and
an agent receives the whole of it when it is the sole
occupant. Then construct the reward vector according
to the rule [r;]x = r;(zx), where zj is the k-th joint state in
the ordering (the canonical row-major ordering induced
by the Kronecker product).

Then the expected discounted payoff is computed
as in the single-agent case:

7t = po(I — vK)'r;.

Because the linear solve is usually the most expensive
step, we solve for both agents’ payoffs at once:

(711 73] = po(I — vK) " '[ry 1)

Linearity of the payoff in the two reward values

Because the reward vector depends linearly on Ry and
R, we need only use two linear solves to compute the
expected discounted reward over a fine grid of reward
values. Recall the structure of a reward vector

[r]k =Ry l{S = O} + Rd 1{5 = d}
in the single-agent case, or

l{Sl‘ = 0}
1+1{s; =0}

1{51‘ = d}
T+ 1{s; = d}

[1;]k = Ro

in the two-player case. The construction is the same
in both cases; we give it for a single agent. Define the
vectors b(®) and b(@) such that

b =1{s =0},
b@W] =1{s =d},

where the k-th value in the ordering corresponds to
some state (s, B). Then

r =Ry b + Ry b,
The value vector v then satisfies

(I—yP)v = Rgb¥ + R; b



so that
v=Ro [(I=7P)"b® ]| + Ry [(1-yP) "B ],

with m = pgv. Hence a sweep over many reward val-
ues costs two linear solves in total, rather than one
for every pair (Rg, Ry): solve for (I —yP)~'b(® and
(I —yP)~"b(@ once, then recover the payoff at any re-
ward values by scaling and adding.

Numerical computation of equilibria

Every payoff we report is computed by solving the lin-
ear system above rather than by simulating the agents,
so the payoff at any given pair of exploration rates is
exact up to floating-point error. The only approximation
in our results is the discretization of the strategy space:
best responses, Nash equilibria and locally stable equi-
libria are located on a grid of exploration rates in [0, 1],
and the local best-response dynamics move by one grid
step. The grid spacing therefore sets both the resolution
at which we locate an equilibrium and the size of the
adjustment against which a locally stable equilibrium
must be stable. Under the local best-response dynam-
ics both agents update simultaneously, each moving
to whichever of its current rate and the two neighbor-
ing rates pays most against the other agent’s current
rate, and to the lower rate when two pay equally; a
strategy pair is locally stable if neither agent’s payoff
increases with a one-step change, and a trajectory that
enters a cycle is assigned the first pair of the cycle it
reaches. We classify a strategy pair as both agents ex-
ploring if the two rates differ by at most one grid step,
as anti-coordination if exactly one rate is zero, and as
asymmetric otherwise.

For the single-agent results of Fig. 2 we use 201
evenly spaced exploration rates (Ae = 0.005), 200 evenly
spaced reward ratios R = 1.05-20, and the distances
d = 1-30. We use 1001 rates (Ae = 0.001) for Fig. 3, 201
(Ae = 0.005) for Fig. 4, and 51 (Ae = 0.02) for Table 3.
The sweeps behind Figs. 5 and 6 and Table 2 cover the
distances d = 1-30 and 200 evenly spaced reward ratios
R = 2.1-20 at each of the three discount factors, and
use 401 evenly spaced rates (Ae = 0.0025) plus the six
rates 1075,1077,...,1072.

Data and code availability

Code to reproduce all figures and tables is available
on GitHub at github.com/james-wolfe/competitive-
exploration. The generated data are archived on Zenodo
at doi:10.5281/zenod0.23627789.

Acknowledgments

We acknowledge support from the US Army Research
Office (award W911NF2410393).

17

References

Peter Auer, Nicold Cesa-Bianchi, and Paul Fischer. Finite-time
Analysis of the Multiarmed Bandit Problem. Machine Learn-
ing, 47(2):235-256, May 2002. doi: 10.1023/A:1013689704352.

C.J. Barnard and R. M. Sibly. Producers and scroungers: A
general model and its application to captive flocks of house
sparrows. Animal Behaviour, 29(2):543-550, May 1981. doi:
10.1016/S0003-3472(81)80117-0.

Richard E. Bellman. Dynamic Programming. Princeton Univer-
sity Press, 1957.

O. Bénichou, C. Loverdo, M. Moreau, and R. Voituriez. Inter-
mittent search strategies. Reviews of Modern Physics, 83(1):
81-129, March 2011. doi: 10.1103/RevModPhys.83.81.

Howard C. Berg and Douglas A. Brown. Chemotaxis in
Escherichia coli analysed by Three-dimensional Tracking.
Nature, 239(5374):500-504, October 1972. doi: 10.1038/
239500a0.

Jay M. Biernaskie, Steven C. Walker, and Robert ]. Gegear.
Bumblebees Learn to Forage like Bayesians. The American
Naturalist, 174(3):413-423, September 2009. doi: 10.1086/
603629.

Tilman Borgers and Rajiv Sarin. Learning Through Reinforce-
ment and Replicator Dynamics. Journal of Economic Theory,
77(1):1-14, November 1997. doi: 10.1006/jeth.1997.2319.

Etienne Boursier and Vianney Perchet. A survey on multi-
player bandits. Journal of Machine Learning Research, 25(137):
1-45, 2024.

Eric L. Charnov. Optimal foraging, the marginal value theo-
rem. Theoretical Population Biology, 9(2):129-136, April 1976.
doi: 10.1016/0040-5809(76)90040-X.

Sara M. Constantino and Nathaniel D. Daw. Learning the
opportunity cost of time in a patch-foraging task. Cognitive,
Affective, & Behavioral Neuroscience, 15(4):837-853, December
2015. doi: 10.3758/513415-015-0350-y.

James D. Crall, Nick Gravish, Andrew M. Mountcastle,
Sarah D. Kocher, Robert L. Oppenheimer, Naomi E. Pierce,
and Stacey A. Combes. Spatial fidelity of workers pre-
dicts collective response to disturbance in a social in-
sect. Nature Communications, 9(1):1201, April 2018. doi:
10.1038/s41467-018-03561-w.

Nathaniel D. Daw, Yael Niv, and Peter Dayan. Uncertainty-
based competition between prefrontal and dorsolateral stri-
atal systems for behavioral control. Nature Neuroscience, 8
(12):1704-1711, December 2005. doi: 10.1038 /nn1560.

Niels J. Dingemanse and Max Wolf. Recent models for adap-
tive personality differences: A review. Philosophical Trans-
actions of the Royal Society B: Biological Sciences, 365(1560):
3947-3958, December 2010. doi: 10.1098/rstb.2010.0221.


https://github.com/james-wolfe/competitive-exploration
https://github.com/james-wolfe/competitive-exploration
https://doi.org/10.5281/zenodo.23627789

Stephen Dewitt Fretwell and Henry L. Lucas. On territorial
behavior and other factors influencing habitat distribution
in birds. Acta Biotheoretica, 19(1):16-36, March 1969. doi:
10.1007/BF01601953.

Luc-Alain Giraldeau and Thomas Caraco. Social Foraging
Theory. Princeton University Press, 2018.

J. C. Gittins. Bandit Processes and Dynamic Allocation
Indices. Journal of the Royal Statistical Society Series B:
Statistical Methodology, 41(2):148-164, January 1979. doi:
10.1111/§.2517-6161.1979.tb01068.x.

Josef Hofbauer and Karl Sigmund. Evolutionary Games and Pop-
ulation Dynamics. Cambridge University Press, Cambridge,
1998. doi: 10.1017/CB09781139173179.

S. Kirkpatrick, C. D. Gelatt, and M. P. Vecchi. Optimization by
Simulated Annealing. Science, 220(4598):671-680, May 1983.
doi: 10.1126/science.220.4598.671.

Volodymyr Kuleshov and Doina Precup. Algorithms for multi-
armed bandit problems, February 2014.

T. L Lai and Herbert Robbins. Asymptotically efficient adap-
tive allocation rules. Advances in Applied Mathematics, 6(1):
4-22, March 1985. doi: 10.1016/0196-8858(85)90002-8.

Tanya Latty and Madeleine Beekman. Keeping track of
changes: The performance of ant colonies in dynamic en-
vironments. Animal Behaviour, 85(3):637-643, March 2013.
doi: 10.1016/j.anbehav.2012.12.027.

Keqin Liu and Qing Zhao. Distributed Learning in Multi-
Armed Bandit with Multiple Players. IEEE Transactions on
Signal Processing, 58(11):5667-5681, November 2010. doi:
10.1109/TSP.2010.2062509.

Robert H. MacArthur and Eric R. Pianka. On Optimal Use of
a Patchy Environment. The American Naturalist, 100(916):
603-609, 1966.

Marlos C. Machado, Sriram Srinivasan, and Michael Bowling.
Domain-Independent Optimistic Initialization for Reinforce-
ment Learning, October 2014.

John M. McNamara and Alasdair I. Houston. Optimal forag-
ing and learning. Journal of Theoretical Biology, 117(2):231-
249, November 1985. doi: 10.1016/50022-5193(85)80219-8.

P. Read Montague, Peter Dayan, Christophe Person, and Ter-
rence J. Sejnowski. Bee foraging in uncertain environments
using predictive hebbian learning. Nature, 377(6551):725-
728, October 1995. doi: 10.1038/377725a0.

PR Montague, P Dayan, and T] Sejnowski. A framework
for mesencephalic dopamine systems based on predictive
Hebbian learning. The Journal of Neuroscience, 16(5):1936—
1947, March 1996. doi: 10.1523/JNEUROSCI.16-05-01936.
1996.

Yael Niv, Nathaniel D. Daw, Daphna Joel, and Peter Dayan.
Tonic dopamine: Opportunity costs and the control of re-
sponse vigor. Psychopharmacology, 191(3):507-520, April
2007. doi: 10.1007/s00213-006-0502-4.

18

John P. O'Doherty, Peter Dayan, Karl Friston, Hugo Critchley,
and Raymond J. Dolan. Temporal Difference Models and
Reward-Related Learning in the Human Brain. Neuron, 38
(2):329-337, April 2003. doi: 10.1016/50896-6273(03)00169-7.

Ian Osband, Benjamin Van Roy, Daniel J. Russo, and Zhang
Wen. Deep Exploration via Randomized Value Functions.
Journal of Machine Learning Research, 20(124):1-62, 2019.

G. A. Parker and W. J. Sutherland. Ideal free distributions
when individuals differ in competitive ability: Phenotype-
limited ideal free models. Animal Behaviour, 34(4):1222-1242,
August 1986. doi: 10.1016/S0003-3472(86)80182-8.

Peter Pirolli and Stuart Card. Information foraging. Psycho-
logical Review, 106(4):643-675, 1999. doi: 10.1037/0033-295X.
106.4.643.

Martin L. Puterman. Markov Decision Processes: Discrete
Stochastic Dynamic Programming. Wiley Series in Prob-
ability and Statistics. John Wiley & Sons, 1994. doi:
10.1002/9780470316887.

Herbert Robbins. Some aspects of the sequential design of
experiments. Bulletin of the American Mathematical Society,
58(5):527-535, September 1952.

Jonathan Rosenski, Ohad Shamir, and Liran Szlak. Multi-
player bandits: A musical chairs approach. In Proceedings
of the 33rd International Conference on International Conference
on Machine Learning - Volume 48, ICML’16, pages 155-163,
New York, NY, USA, 2016. ]MLR.org.

Wolfram Schultz, Peter Dayan, and P. Read Montague. A
Neural Substrate of Prediction and Reward. Science, 275
(5306):1593-1599, March 1997. doi: 10.1126/science.275.5306.
1593.

J. Maynard Smith and G. R. Price. The Logic of Animal
Conflict. Nature, 246(5427):15-18, November 1973. doi:
10.1038/246015a0.

David W. Stephens and John R. Krebs. Foraging Theory. Prince-
ton University Press, 1986. doi: 10.2307/j.ctvs32s6b.

Richard S. Sutton. Learning to predict by the methods of
temporal differences. Machine Learning, 3(1):9-44, August
1988. doi: 10.1007/BF00115009.

Richard S Sutton and Andrew G Barto. Reinforcement Learning:
An Introduction. MIT Press, 2 edition, 2018.

Gaia Tavoni, Takahiro Doi, Chris Pizzica, Vijay Balasubra-
manian, and Joshua I. Gold. Human inference reflects
a normative balance of complexity and accuracy. Na-
ture Human Behaviour, 6(8):1153-1168, August 2022. doi:
10.1038/541562-022-01357-z.

Joanneés Vermorel and Mehryar Mohri. Multi-armed Bandit
Algorithms and Empirical Evaluation. In Jodo Gama, Rui
Camacho, Pavel B. Brazdil, Alipio Mario Jorge, and Luis
Torgo, editors, Machine Learning: ECML 2005, pages 437-448,
Berlin, Heidelberg, 2005. Springer. doi: 10.1007/11564096_
42.



G. M. Viswanathan, Sergey V. Buldyrev, Shlomo Havlin,
M. G. E. da Luz, E. P. Raposo, and H. Eugene Stanley.
Optimizing the success of random searches. Nature, 401
(6756):911-914, October 1999. doi: 10.1038/44831.

E. Wiewiora. Potential-Based Shaping and Q-Value Initializa-
tion are Equivalent. Journal of Artificial Intelligence Research,
19:205-208, September 2003. doi: 10.1613/jair.1190.

Max Wolf and Franz ]. Weissing. An explanatory framework
for adaptive personality differences. Philosophical Trans-
actions of the Royal Society B: Biological Sciences, 365(1560):
3959-3968, December 2010. doi: 10.1098/rstb.2010.0215.

Max Wolf, G. Sander Van Doorn, Olof Leimar, and Franz ]J.
Weissing. Life-history trade-offs favour the evolution of
animal personalities. Nature, 447(7144):581-584, May 2007.
doi: 10.1038 /nature05835.

Renzhe Xu, Haotian Wang, Xingxuan Zhang, Bo Li, and Peng
Cui. Competing for Shareable Arms in Multi-Player Multi-
Armed Bandits. In Proceedings of the 40th International Con-

ference on Machine Learning, pages 38674-38706. PMLR, July
2023.

19



Sl Appendix

Competitive exploration in structured environments

S1 Variable distance to the distant reward

In this section we relax the assumption that the distance to the distant reward is fixed. Foraging animals
might encounter many different environment structures, and so we consider the possibility that d is not
one fixed distance but rather a random variable dy ~ Poisson(A) + 1. In general, the optimal exploration
rate when dy ~ Poisson(A) + 1 is close to the optimal exploration rate in the static environmentd = A 41,
although the explore vs. stay boundary is not quite the same (Fig. S3). For larger discount factors (longer
foraging horizons), there is a region where the optimal exploration rate in a static environment is positive,
but zero in a variable environment. The opposite is true for smaller discount factors (shorter foraging
horizons): there is a region where the optimal exploration rate in a variable environment is positive, but
zero in the static environment. For smaller distances d, a variable environment encourages slightly larger
optimal exploration rates. Intuitively, an agent might want to explore more when there is a possibility of
larger, but still manageable, distances, to ensure it reaches the reward in the most likely landscapes. This
correspondence suggests that an exploration rate suited to the mean distance is close to the rate that is
optimal when the distance varies, except near the boundary between exploring and not exploring, where
the two environments disagree.

S2 Behavior of the threshold reward ratio

Let B(e) be the expected discounted time an agent with exploration rate ¢ at the distant site d, and L(¢) the
expected discounted time it spends away from the site 0. Comparing the payoff of exploration with that of
staying put (¢ = 0), we have

7t(e) — (0) = Ryf(e) — RoL(e).

Exploring at some positive rate therefore becomes worthwhile when the reward ratio R = R;/R( exceeds

R¥d, ) = Oirelil 118

This boundary can be seen in the main text Fig. 2C. Both B and L can be computed exactly from the agent’s
transition matrix.

Fig. S2 shows R* over a wide range of distances and foraging horizons T = 1/(1 — v). The threshold
R* increases with the distance, faster than linearly beyond the shortest distances (R*/d increases with d
fromd =4 aty=1-1/1000 and from d =7 at vy = 1 — 1/100000 onward), and decreases as the horizon
T grows.

Scaling form.  To leading order, the behavior of the threshold R* follows from a trade-off in § = 1 — e. Before
discovery of the site d, the agent steps toward d with probability /2 and toward 0 with probability 1 —¢/2,
giving a ratio p = (1 —6)/(1 + 6). It reaches site d after expected time

—d 246
E[T]:p —1-2d5 e
262 2827

and thereafter spends a fraction f; of its time at site d, with

)

= /.
i sy

20



Treating T as exponentially distributed, discounting reduces the value of the distant reward by a factor
1/(1+ E[7]/T), while an agent exploring at a rate ¢ near 1 forgoes nearly all of the reward at site 0.
Exploring therefore becomes worthwhile when

E[7]
R6 214 —.
021+ T
A larger ¢ raises the fraction of time spent at site d but lengthens the search time for site d exponentially.
The term E[7]/T thus switches from negligible to dominant around E[t] ~ T, at § ~ In(T/d?)/(2d). This
yields
.« 2d
T In(T/d%)
Observe this grows faster than linearly in d and decreases in T.
Note the approximations for E[7] and f; assume § < 1 < dJ, so the agent explores at a rate close to 1,
but still finds d only rarely.

S3 Proof that there is always a dilemma of the first kind when d > 2

A dilemma of the first kind exists whenever some locally stable equilibrium is collectively worse than a
strategy pair the agents could reach instead, so it suffices to exhibit one such point and one such alternative.
We take both agents staying as the point and anti-coordination as the alternative. First, the “both stay”
strategy (e1,¢€2) = (0,0) is locally stable; the same argument establishes that ¢ = 0 is a local maximum in
the single-agent case. Second, any anti-coordination strategy has a higher collective payoff than both agents
staying.

S3.1 Both stay is locally stable

Local stability at (0,0) means that a small amount of exploration does not pay. We establish local stability
by comparing what an exploring agent forgoes against what it can gain. In particular, we consider a lower
bound on the expected opportunity cost, a minimal expected opportunity cost, and we consider an upper
bound on the expected rewards of exploration. An upper bound on the expected rewards of exploration
minus the minimal opportunity cost amounts to an upper bound on the difference 7(e) — 77(0). We will
find e > 0 such that this difference is less than zero.

Theorem 1. Let Ry, Ry > 0and v € (0,1). When d > 2, the point (e1,€e2) = (0,0) is locally stable. That is, there
exists some 6 > 0 such that for all ¢ satisfying 0 < ¢ < 5, 1t(e,0) < 71(0,0).

Proof. Note that we need only find one ¢ and prove 7(¢,0) < 77(0,0) for all € < , because the game is
symmetric. Further, note that when player 2’s exploration rate is 0, the environment of player 1 is static:
there is one reward giving By = R(/2 per timestep at one end, and another giving B; = R; at the other.
Thus, we need only prove that small exploration results in payoff losses for one player in an environment
with rewards By and B;.

Starting from state s = 0, time ¢ = 0, in one timestep, exploration incurs an opportunity cost of By,
i.e. by being in state s = 1, the player misses out on reward yBy. (Note when d = 1, the player reaches the
other reward immediately, so there is no opportunity cost.) Thus, the expected one-step opportunity cost of
having exploration rate ¢ at state 0 is eyBy. An exploring agent’s opportunity cost is at least this value.

We will now consider the benefit of exploration, in particular finding an upper bound. Let 7 := inf{t >
0 : sy = d} be the hitting time of state d. Then the expected discount rate when arriving at d is E[y7].
Supposing the player does not deviate from d once arriving, an optimistic assumption, their expected payoff
would be
By

lE[vT]l_y-
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This expression is an upper bound on the expected benefits of exploration. Then, using our lower bound on
the opportunity cost and an upper bound on the benefit of exploration, we can say

7(e) — m(0) < Ely*) 20— exyBy
By definition,
E[y"]=) 7' P(r=1)
t=0

Since the minimum number of steps it would take to reach d is d, we have

Ely] = id P P(r=1 )
< idvfn’(r <) )
£
< tgvt (;) ¢! (83)
- (1_?)0,“5‘1. (S4)

Line (S3) is derived by observing that the agent would have to make at least d rightward steps over the
course of t time steps. There are (;) permutations of when d rightward steps would occur. Any rightward
step has probability at most ¢, so any collection of d rightward steps has probability at most /. Line (S4) is
found via an application of the negative binomial identity.

Then
d

7*B
n(e) — m(0) < Wed —eYBy

Solving for & such that the right hand side is less than 0 yields

1/(d-1)
.o @ (1 _ ,Y)d+2
By 1 '

Thus, if we select

1/(d-1)

_ ~)d+2

s (Bo(d=7) /
By i1

then for all ¢ < §, 7t(e) — 71(0) < 0. O

Note that we did not specify anything about By and B; other than that they be positive.

S3.2 Anti-coordination is better than both stay

Having established that both agents staying is locally stable, we now compare its collective payoff with
the collective payoff at an anti-coordination pair. The comparison needs no assumption about the reward
values beyond positivity, and it holds at every distance.

Theorem 2. When € > 0, the group payoff of any anti-coordination strategy pair always exceeds that of both stay.
That is, I1(e,0) = 7t(¢,0) + 7t(0,¢) > 27t(0,0) = I1(0,0)

Proof. Consider any anti-coordination strategy pair (¢, 0). First, note that since one player’s exploration rate
is 0, they will always remain at state 0, and thus the full reward Ry (whether it is split by the two agents or
not) will be collected by the group every time step. Thus, the group payoff will be at least Ry/(1 — 7).
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It suffices to observe that the probability of the exploring agent to reach site d in d steps is (e/2)4 1.

Once there, the exploring agent will receive discounted payoff 7R, in time step d. Thus, the direct path’s
contribution to expected collective payoff is

d end—-1
Rae(5)
T RaE(5
Thus, we can immediately conclude

Ro
1—7

Ro d e\1-1
> he — .
(e,0) 2 = +7 Ree(5) > 11(0,0)

2

O

We do not consider the payoff received by the exploring agent after reaching d, nor any alternative paths
to d of length > d, both of which would add to the expected group payoft.

Taking the two theorems together: for d > 2 the pair (0,0) is locally stable, and every anti-coordination
pair (¢,0) with € > 0 yields a strictly greater collective payoff, so the globally optimal collective payoff
satisfies IT* > T1(0,0). Both agents staying is therefore a locally stable equilibrium that is socially suboptimal,
and a dilemma of the first kind exists whenever d > 2.

S4 The two-agent payoff in terms of single-agent occupancies

The payoff of an agent playing against a competitor can be written entirely in terms of quantities belonging
to a single agent alone. That reduction determines how the environment enters the game.
For a single agent with exploration rate ¢, let

(e)=) 7' P(ss=0),  ple) =) 7' Psi =d)

£0 =

denote the expected discounted numbers of time steps the agent spends at the near and far reward sites, so
that its payoff is 71(¢) = Ro&(e) + Ry B(e).

Because each agent’s movement rule is unaffected by the presence of the other (main text, Materials and
Methods), the two trajectories s1(t) and s(t) are independent. For b € {0,1} we have 1/(1+b) =1—1b/2,
so the reward function of Materials and Methods can be written

ri(z) = Ro(1{s; = 0} = §1{s; = 0}1{s = 0}) + Ry (1{si = d} — J1{s; = d}1{s; = d} ).

Taking the discounted expectation from the initial state ((0,0), (0,0)) and factoring the products of indicators
by independence gives

R R
mi(e1,€2) = 7(e;) — 70 Co— 7d Ca, Cr =) 7' P(s1(t) = x) P(s2(t) = x),
£>0

where the discounted co-occupancy of site x, Cy, weights each time step by the probability that both agents
occupy site x at that step. Competition subtracts half the reward accrued over the discounted time the two
agents spend together at each reward site, and enters in no other way. Every payoff in the two-agent game
is therefore determined by two single-agent quantities—the probability that a lone agent with exploration
rate £ occupies the near site at time ¢, and the probability that it occupies the distant site at time t—and
by no other feature of the lattice. The discounted occupancies & and 8 do not by themselves determine
the game, since the co-occupancies Cy and C; depend on how a lone agent’s occupancy of each site is
distributed across time steps.

As a special case, at an anti-coordination pair (g,0) the agent that stays remains at site 0 at all times, so
Co = &(e) and C4 = 0, giving

(e, 0) = Ba(e) + Ry ple),  7m(0,) = £% — Rae),  T(e,0) = 1% + Ry B(e).
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The expression for the collective payoff at anti-coordination has a simple interpretation. The agent that
stays never leaves site 0, so the near reward is collected on every time step: when both agents are there they
each take half and the pair still receives the whole of it, and when the explorer is away the stayer receives
all of it. The agent that stays also never travels to site d, so the explorer never shares what it finds there.
Anti-coordination therefore leaves the near reward fully collected (collectively) and the distant reward
uncontested, and the collective payoff is the payoff of two agents that both stay, Ro/ (1 — ), plus the reward
the explorer collects from the distant site.

Two consequences follow. First, the collective payoff at any anti-coordination pair with & > 0 strictly
exceeds the collective payoff when both agents stay: an agent that explores at any positive rate reaches site
d with positive probability, so the discounted time it spends at the distant reward, B(¢), is positive. The gap
is exactly Ry B(¢), which sharpens the lower bound obtained in Section S3.

Second, the near-reward term R/ (1 — 7) does not depend on the exploration rate, so the collective
payoff at anti-coordination depends on the explorer’s rate only through the discounted time it spends at the
distant reward, B(¢). In the high-discount regime the movement rule does not depend on the reward values,
so f3 is determined by the exploration rate, the distance d, and the discount factor v alone. The exploration
rate that maximizes the collective payoff among anti-coordination pairs is therefore the rate that maximizes
B, and it does not depend on how valuable the distant reward is. Changing the distant reward R; changes
the explorer’s payoff and the collective payoff, and changes which strategy pairs are equilibria, but it leaves
both the payoff of the agent that stays and the socially optimal anti-coordination rate unchanged.

S5 When both agents staying is a Nash equilibrium

Here we derive the range of reward ratios in which both agents staying, (e1,¢2) = (0,0), is a Nash
equilibrium, and we show that in that range it is the only Nash equilibrium, as stated in the main text (Nash
equilibria). Both results follow from the occupancies of Section S4. We work in the high-discount regime, in
which the movement rule, and hence every occupancy below, does not depend on the reward values, and
we write R = R;/ Ry for the reward ratio.

For a single agent with exploration rate ¢, let

1 .
L(e) = 11—~ —&(e) = Z'Yt]P(St #0)
v =)
denote the expected discounted number of time steps the agent spends away from the near site. An agent
that never explores collects the near reward on every step, 71(0) = Ry/(1 — 7y), so the gain from exploring
at rate ¢ is
m(e) — m(0) = Ry p(e) — Ro L(e).

That is, exploring forgoes the near reward over the discounted time spent away from site 0 and collects the
distant reward over the discounted time spent at site d. A lone agent therefore gains by exploring at some
positive rate exactly when the reward ratio exceeds

L
R*(d,y) = inf ﬁ,
0<e<1 B(e)
the critical reward ratio at which the reward-maximizing exploration rate " becomes positive (main text
Fig. 2C and Fig. S2). The time an agent spends away from the near site includes the time it spends at the

distant site, so L(¢) > B(e) and R* > 1, with equality at d = 1, where every step away from site 0 is a step
at site d.

Theorem 3. Both agents staying is a Nash equilibrium if and only if R < R*(d,vy)/2.

Proof. By Section S4, an agent that explores at rate € against a competitor that stays receives 7(¢,0) =

%&(s) + RyB(¢), and each agent receives 71(0,0) = Ry/[2(1 — )] when both stay. Hence
. . Ro
7t(e,0) — (0,0) = Ry B(e) — > L(e).
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Because B(¢) > 0 for e > 0, the right-hand side is non-positive for every ¢ € (0,1] exactly when 2R <
L(e)/p(e) for every such g, that is, when 2R < R*. The game is symmetric, so the same condition applies to
the other agent. O

The factor of one half in the condition R < R*/2 has a simple interpretation. Against a competitor that
stays, an agent shares the near reward whenever it is there, so staying is worth half as much as it is to
a lone agent, while the distant reward remains uncontested. The agent therefore faces the single-agent
problem with the reward ratio doubled (main text, Strategies and payoffs), and it gains by exploring once 2R
exceeds the single-agent threshold R*. At d = 1 the threshold is R* = 1, so both agents staying is never a
Nash equilibrium in the range R > 2 that we consider.

The gain from exploring is smaller against a competitor that explores than against one that stays, and
this comparison excludes every other Nash equilibrium wherever both agents staying is a strict Nash
equilibrium. Let G(¢’ | ¢) = 7(¢/,€) — 71(0, €) denote the gain to an agent from exploring at rate ¢ rather
than staying, when its competitor explores at rate ¢, and let p¢(e) = IP(s; = 0) denote the probability that a
lone agent with exploration rate € occupies the near site at time t.

Theorem 4. For all exploration rates €, ¢ € [0,1],

G(e' [ €)= G(e']0) = 22 T o [1= py(e)] [1 - pr(e)] — S Cyfele) < 0.

>0
Consequently, if R < R*(d,vy)/2, both agents staying is the only Nash equilibrium.

Proof. By the co-occupancy identity of Section S4, 7t(¢’,¢) = m(€') — % Y pe(e) pe(e) — %Cd(s’,s), and
(0,¢) = Ro/(1—7y) — %&(s). A competitor that stays has p;(0) = 1 and never reaches site d, so setting
¢ = 0 gives G(¢' | 0). Subtracting the two gains and using Y, 7' = 1/(1 — ) and &(e) = ¥, 7' p:(e) gives
the displayed identity, both of whose terms are non-positive.

Now let R < R*/2. By the proof of Theorem 3, G(¢' | 0) < 0 for every ¢ > 0, and so, by the identity,
G(¢' | €) < 0 for every ¢ > 0 and every ¢ € [0, 1]. Whatever its competitor’s exploration rate, an agent
receives strictly more by staying than by exploring at any positive rate, so no strategy pair with a positive
exploration rate is a Nash equilibrium. O

The two terms in the identity of Theorem 4 correspond to the two rewards. An agent that stays collects
the near reward alone whenever its competitor is away from site 0, so the more its competitor explores, the
more staying is worth; and an agent that explores must share the distant reward whenever its competitor
is also at site d. A competitor’s exploration therefore never raises the gain from exploring, and where
exploring does not pay against a competitor that stays, it pays against no competitor. Together, Theorems 3
and 4 locate the region of main text Fig. 5 in which the Nash equilibria are of the both-stay type: up to the
resolution of the grid of exploration rates, it is the set of reward ratios below half the single-agent threshold,
R < R*(d,v)/2.

We checked the identity of Theorem 4 against direct solutions of the two-agent chain at 60 randomly
chosen parameter sets (d = 1-12, 1 — v between 107° and 102, R = 2.1-20, both exploration rates uniform
on [0, 1]), with maximum relative error below 10~8; and Theorem 3 at nine combinations of distance and
discount factor, where a search over exploration rates using the exact two-agent payoffs finds both agents
staying to be a Nash equilibrium at R = 0.99 R*/2 and not at R = 1.01 R*/2 in every case.

S6 Environmental turnover is equivalent to a shorter horizon

Here we extend our model to a situation in which a patch does not last forever. Letting the environment
turn over at a constant rate leaves the behavior in the game unchanged apart from a shorter effective
foraging horizon, so the comparison across discount factors in the main text is also a comparison across
rates of environmental change.

Suppose that at each step, independently with probability x € (0, 1), the current patch is exhausted: both
agents return to the initial state ((0,0), (0,0)) with no memory of the distant reward, and begin foraging

25



a fresh environment of the same structure. Write 71 (¢1, £5) for the payoff in the static model at discount
factor 7y, and V7 (¢, €,) for the payoff under turnover. We will show that the payoff under turnover is
simply a constant factor times the payoff of the static model, with a modified discount rate.

Let o be the first turnover time, so that P(¢ > t) = (1 — «)’. Before ¢ the agents follow the static process,
and at ¢ the state is the initial state again; conditioning on o,

VET=E|Y 7 (%)

t<o

+E[ V.

Because turnover is independent of the walk, the first term equals Yy~ 7' (1 — x)' E[r;(Y;)] = 7117(17’()

E[v7] = 9x/(1 —9(1 —«)). Solving and using 1 — y(1 — k) —yk =1—1,

, and

1—9(1—-x -
VI (e1,62) = 7( ) 77(1-K)

1 _ ’Y 1 (81/82)'

Thus the payoff under environmental turnover is just a pre-factor times the payoff in a static environment,
with a different discount rate. And the prefactor is the same for both agents and does not depend on the
strategies (g1,€2). As a result, best responses, Nash equilibria, locally stable equilibria, and all three kinds of
social dilemma are identical to those of the static model at the reduced discount factor (1 — «), provided
the reduced discount factor also satisfies the high-discount condition, so that the static model at y(1 — )
has the same movement rule, equivalent to a shorter foraging horizon Tog = 1/(1 — (1 —«)).

S7 A two-site model without explicit spatial structure

We construct a simplification of the model that discards explicit spatial structure and retains only two
quantities through which distance acts: the probability that an exploring agent reaches the distant site, and
the expected time it takes to get there. At the one parameter combination we examined, the simplification
reproduces the four locally stable equilibria, their ranking by collective payoff, and the shape of the basins
of attraction, which suggests that the dilemma does not require the lattice itself.

We consider only two sites, indexed 1 and 2 with associated rewards r; < r;. The agents start at site 1.
The strategy used by the agent is the following:

¢ With probability 1 — ¢, move toward the best reward the agent has seen. (Moving toward the best
reward it has seen may mean staying at the current site, or trying to go to the other site, which arises
only if the agent has seen the higher reward and is currently at the site with the lower reward.)

* With probability ¢, explore, i.e. try to go to the other site.

However, there is a cost of exploration, c(¢), which is an increasing function of ¢, and a probability
of successful exploration, s(e), which is also increasing in e. We use the gambler’s ruin hitting time
and probability formulas, respectively, for each function. Both functions depend on ¢ and d through the
expressions given below, so that distance enters the two-site model through them alone. The resulting
process is a Markov decision process, which we construct below.

Note that the discounting is different from that of the full model. Here, for simplicity, and to model as a
strict Markov chain, we subtract the expected cost of being at a given state every turn. The subtraction does
not account for the fact that the expected cost is incurred as a lump sum rather than accrued over the steps
it represents: for example, if the expected time cost was k, in the original model, a time cost of k starting
from time t would be Zéﬂt‘*l 7%, whereas here it is just k7!. Moreover, the rewards incurred in the original
model after this movement would start from !, whereas here they start from 7!*1. However, since 7 is

v® & kv'), and our purpose is to reproduce the structure of the original

close to 1 (meaning e.g. y-'%1
model rather than its exact payoffs, this approximation suffices.
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State space. Each agent has internal state space
S={U,H,L}.
(The three states stand for “unexplored,” “high reward,” and “low reward.”) The induced location mapping
° 0:8 {12}, U)=6L)=1, ¢H)=2
Actions. Let A(x) denote the set of available actions in state x:
A(U) = A(H) = {stay, try}, A(L) = {try}.
Policy. The mixed policy 7t¢(- | x) is
me(try | x) =€, me(stay |x) =1—¢ forxe {U H},

and in L the action is forced:
me(try | L) = 1.

Transition probabilities. We aim to model a similar biased random walk, as before, but without the explicit
spatial structure. The probability of success given a try to switch from state X to state Y is given by the
function sx_,y(e). Note that given the agent is in state X, there is only one other state besides X that the
agent can reach in its next step. From U, the only reachable state is H. From H, the only reachable state
is L. From L, the only reachable state is H. If Y is the corresponding reachable next state of X, then the
transition probabilities P(- | x,a) are:

P(Y [ X try) = sxoy(e),  P(X[Xtry) =1—sx,y(e),  P(X|Xstay) =1

These transition probabilities give a matrix over the three internal states:

l—e-susmu(e) e susn(e) 0
0 1—e-spsr(e)  e-spoi(e)
0 sL-H(e) 1—sr-m(e)

We choose gambler’s ruin probabilities of success. Before discovery, an agent that has stepped from site 0
to site 1 performs a biased random walk that moves left with probability 1 — /2 and right with probability
£/2, and the probability of a successful switch from U to H is the probability that this walk reaches site 4
before it returns to site 0. The probability of a successful switch from H to L is the same: it is the probability
of reaching site 0 before site d when starting at site 4 — 1, with the movement now biased to the right.
Finally, s; g is the probability of reaching site d before site 0 when starting at site 1 with the movement
biased to the right, as it is for an agent that has already seen site d. Thus, with simple algebra on the classic
formulas, we can write:

Juy
|
—
‘I\J
o
o
—

ife #£1,
su—H(e) =sp-L(e) = 17(%)[1
: ife =1,
-(25)
2 ife#£1,
SL%H(e) = lf(ﬁ)d
z ife=1.

Per-step attempt cost. The attempt cost, as we formulate it, depends on the action but not on its result:

cx(e), a=try,
cost(x,a) =
0, a = stay.
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Equivalently, the expected attempt cost per step for states x # L under 7, is

E[cost | x] = ecy(e).

Since the action try is forced in L, the expected attempt cost in L is just ¢ (¢). The cost functions cy are
dictated by the expected hitting time in the gambler’s ruin:

1 a 1=
—_ = . ife#£1,
cule) =cple) =4 7 17F (%) 7
d—1 ife=1,
1 1-(5) ife#£1
CL(€) _ e—1 e—1 1_(%%)11 7% 4
d—1 ife=1.

The two-site model reproduces the qualitative behavior of the full model (Fig. S8). For a moderate
change in the reward and the same implicit distance, it has two socially optimal anti-coordination locally
stable equilibria in roughly the same location, and one suboptimal “both explore” locally stable equilibrium
that most initial conditions reach under the local best-response algorithm; the basins of attraction have a
similar shape. The spatially motivated gambler’s ruin functions are not required for this correspondence,
which suggests that other environments, including higher-dimensional lattices and other graphs, would
yield the dilemmas we find here.

S8 Signaling model: reduce exploration when other agent reaches reward

We give the Markov-chain construction for a model of two-player search with added signaling: an agent
lowers its exploration rate once its competitor has reached the distant reward (Main text, Signaling can
remove suboptimal equilibria).

S8.1 Technical formulation
There are four possible phases in this model, one transient and the rest terminal:

dy : transient, neither agent has reached d,
®; : agent 1 reached d first,

®, : agent 2 reached d first,

@3 : both reached d simultaneously.

Let S denote the joint space of the two agents, and further define the partition

S=85 U S US, U Ss,

where
So = {((x1,B1), (x2,B2)) : x1 #d, x2 #d},
S1={((x1,B1), (x2,B2)) : x1 = d, xo # d},
S = {((x1,B1),(x2,B2)) : x1 #d, xp = d},
S3 = {((x1,B1), (x2,B2)) : x1 = d, xp = d}.

Let P(¢) denote the transition matrix of an agent with exploration rate €. Then each terminal phase can be
modeled by the joint transition kernels

Ky := P(e1) @ P(eh),
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Ky := P(¢}) ® P(e3),
K3 := P(e1) ® P(e2).

Note that in phase ®3, both agents retain their original exploration rate ;. We expect this choice to make
little difference to the results, whether both agents retain their original values or change them.

The transient phase will be modeled slightly differently. We construct Ky = P(e1) ® P(e3), i.e. the agents
using their original exploration rates. Although this has the same construction as K3, they will be used
differently; in particular, we will restrict to transitions from Sy only. To do this, we restrict rows of Ky to Sy,
and for each j = 0,1,2,3 define

Ko,y = (Ko)sy,s;

(Here we use the subsets and their corresponding indices interchangeably.) Now, we put these together to
construct the block matrix T governing the transition probabilities of the system:

Kioo Kpoay Kpozy Kpoay

r_| 0 K 0 0
| o 0 K> 0
0 0 0 Ks

Each block Ky ;1 with j > 1 stands in T for its embedding into an |So| x N matrix, with zero columns at
the states outside Sj, so that each block of T has the dimensions its position requires: a transition out of So

that enters phase ®; lands in a state of S. Letv = [vg v1 vy 03] T andr = [ro 11 1 13 T where:

Vo, 1o € IR‘SO‘,

v, € RIS fori =1,2,3.
Note |S| = N is the total number of joint states in the model, (2(d + 1))2. The value function must solve
(I-yT)v=r,

which yields

3
(I —7Kgo01)00 = 1o+ ) vKq0,1(05ls,),
=
(I — ’)/Ki)Ui =17 i= 1,2,3.

Here (Uj|5].) denotes the restriction of the continuation value to states in S;, corresponding to the value
upon first entering phase ®;.

S$8.2 Implementation

We evaluate the signaling game on the grid of the baseline sweep of Figure 5, 401 evenly spaced exploration
rates plus the six rates 10-8,1077,...,1073, for every strict dilemma with a worst Nash equilibrium of both
agents exploring (we have no reason to believe signaling would solve a dilemma where “both stay” is the
worst Nash equilibrium), at the distances d = 2-30. There are 128, 252, and 545 parameter combinations for
v =1-1/1000,1—1/5000, and 1 —1/100000, respectively. We omit d = 1, because there the collective
payoff at the worst Nash equilibrium of every strict dilemma falls short of that at the best locally stable
equilibrium by at most 0.022%. The six small rates allow the one-step test of local stability to detect whether
an agent’s payoff increases or decreases as its exploration rate leaves zero. At d = 2 and 3 this determines
whether a pair at which one agent stays is locally stable: at d = 2, ¥ =1 —1/100000 and R = 18.56, for
example, the payoff of the agent that stays falls for deviations of its exploration rate up to 10~® and rises
for deviations of 107> or more.
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For legibility, the top row of main text Fig. 6 shows every seventh such reward ratio at each distance, 24,
43 and 83 of the 123, 242 and 531 combinations at which a Nash equilibrium remains after signaling, and
the bottom row shows the same combinations. The 5, 10 and 14 combinations at which signaling leaves no
Nash equilibrium on the grid are omitted from the figure and count as dilemmas that remain in Table S2.
The bottom row uses fixed axis limits, and two removed dilemmas are not shown in full: at v =1 —1/1000,
the baseline worst Nash equilibrium at d = 4, R = 2.28 (collective payoff 1792) lies below the plotted range,

and at y =1 —1/100000, the dilemma at d = 3, R = 9.03, whose collective payoffs are near 8.8 x 10, lies
above it.
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Supplementary Figures
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Figure S1 The Markov chain reproduces the expected reward of the temporal-difference learner. Expected reward of a
single agent over the time steps t = 0,..., T, with T = 5000, as a function of its exploration rate . The curve is the
expectation computed from the Markov chain of the main text (Markov chain formulation); the points are means over
N = 5000 simulated runs of the temporal-difference learner, with error bars of £2 standard errors across runs. The
reward is non-monotonic in the exploration rate, with a local maximum at ¢ = 0 and a higher global maximum at an
intermediate rate. Parameters: d = 8, R = 5, T = 5000. The Markov chain is evaluated at 101 evenly spaced exploration
rates (Ae = 0.01), and the simulations at 21 (Ae = 0.05).
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Figure S2 The reward ratio at which exploration first becomes optimal grows with distance and decreases slowly with
the foraging horizon. (A) The threshold reward ratio R* separating exploitation being optimal from exploration being
optimal, over the distance d and the horizon T = 1/(1 — «y); contours are labeled with R*. (B) R* against d at fixed time
horizons T. (C) R* against T at fixed distances d. Parameters: d = 1-40 and T = 10%-10°, log-spaced with 12 values
per decade. R* is the minimum over ¢ of L(e)/f(e), the expected discounted time away from the near site divided by
the expected discounted time at the distant site (Section S2). L and f are computed exactly from the agent’s Markov
chain. The minimum is located on a grid of 410 rates, log-spaced from 10~13 to 0.01 and linear from 0.01 to 0.9995, and
refined with a bounded one-dimensional search, so R* does not depend on the grid spacing. The log-spaced rates are
needed because, at small 4 and long horizons, the minimizing rate falls far below 0.01. Atd =1, R* =1 for every T.
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Figure S3 A random distance to the distant reward leaves the optimal exploration rate nearly unchanged over most of
the parameter plane. Top: the reward-maximizing exploration rate when the distance is random, dy ~ Poisson(A) + 1,
over the plane of reward ratio R and mean distance E[dy] = A + 1, for three discount factors 7, from no exploration
in dark to an exploration rate of one in light. Bottom: the difference between that rate and the reward-maximizing
rate in a static environment at distance d = A + 1, epiccon — €fiveq; g€y marks agreement, blue a higher rate with
the random distance, and red a higher rate with the static distance. The two rates differ only slightly over most of
the plane. Along the boundary between exploiting and exploring, the random distance has the higher rate at the
shortest foraging horizon and the static distance has the higher rate at the two longer horizons; at the shortest mean
distances the random distance has a slightly higher rate at all three horizons. Parameters: R = 1.05-20, E[dy] = 1-30,
v € {1-1/1000, 1 — 1/5000, 1 — 1/100000}. We maximize over 201 exploration rates (Ae = 0.005), at 1000 evenly
spaced reward ratios and 1000 evenly spaced mean distances (top) and at the reward ratios and distances of main text
Fig. 2C (bottom).
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Figure S4 At the symmetric locally stable equilibrium the two agents explore at close to the rate of the positive local
maximum of a lone agent’s reward curve. Top: the common exploration rate at the symmetric locally stable equilibrium
(¢,¢€), over the plane of reward ratio R and distance d, for three discount factors vy; the rate rises with the distance,
and white marks the region at large distance and small reward where no such point exists. That region shrinks as the
foraging horizon lengthens and is absent at the longest horizon. Bottom: the discrepancy between that rate and the rate
at the positive local maximum of the single-agent reward curve, on a scale of £0.03, with grey marking agreement.

Parameters: R = 2.1-20 (200 evenly spaced values), d = 1-30, ¥ € {1 —1/1000, 1 —1/5000, 1 —1/100000}. We use 101
evenly spaced exploration rates (Ae = 0.01).
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Figure S5 The worst locally stable equilibrium falls far below both the global optimum and the best locally stable
equilibrium across most of the parameter range. Columns give three discount factors 7; each row shows one ratio of
collective payoffs over the plane of reward ratio R and distance d. The three rows use different color scales, dark for a
small ratio and yellow for a ratio near one; the bottom row’s scale begins near 0.67, so its darkest cells are far from zero.
Top: the collective payoff at the worst locally stable equilibrium as a fraction of the global optimum, ITqst 10cal /117,
the comparison that defines a dilemma of the first kind. Middle: the same payoff as a fraction of the best locally stable
equilibrium, ITiyoret 1ocal/ Tlpest 1ocal, the comparison that defines a dilemma of the second kind. Bottom: the collective
payoff at the worst Nash equilibrium as a fraction of the global optimum, Iyt Nash/I17; @ value of one, in yellow,
marks parameters at which even the worst Nash equilibrium attains the global optimum. A strict dilemma is defined
by comparison with the best locally stable equilibrium rather than with the global optimum, so this row bounds
rather than defines it. At the shortest distance, d = 1, the worst and the best locally stable equilibria nearly coincide
in the top two rows, so the two are nearly equal there. Parameters: R = 2.1-20 (200 evenly spaced values), d = 1-30,
v € {1-1/1000, 1 —1/5000, 1 —1/100000}. We use 101 evenly spaced exploration rates (Ae = 0.01); for d < 5, where
the socially optimal rates are smallest, the rates 1078,1077,...,1073 are added.
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Figure S6 Myopic agents reach a near-optimal collective payoff at short distances other than the shortest, and the largest
shortfall grows and moves to greater distances as the foraging horizon lengthens. The collective payoff reached under
the local best-response dynamics, averaged over initial pairs of exploration rates and expressed as a fraction of the
global optimum, over the plane of reward ratio R and distance d, for three foraging horizons T = 1000, 5000 and
100000, equivalently discount factors y = 1 — 1/T. Dark marks a large shortfall and yellow a collective payoff at the
global optimum. The payoff is near the optimum at short distances, falls at the shortest distance, d = 1, when the
reward ratio is small, and reaches its minimum at large reward ratio and an intermediate distance that moves to greater
distances as the horizon lengthens. Parameters: R = 2.1-20 (200 evenly spaced values), d = 1-30, with 41 evenly spaced
exploration rates (Ae = 0.025). Because both agents update simultaneously, from a few starting pairs, the dynamics
alternate between two neighboring strategy pairs instead of settling at one. This occurs at 1052 of the 18000 parameter
combinations, from at most 4.4% of starting pairs at any particular one of them (0.1% overall). Such trajectories are
counted at the first pair of the cycle they reach; excluding them changes the ratio by at most 0.006.
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Figure S7 Anti-coordination maximizes the collective payoff at small reward ratios and at the shortest distances, and
both agents exploring maximizes it at larger reward ratios. The strategy pair maximizing the collective payoff, over the
plane of reward ratio R and distance d, for three discount factors . Green marks anti-coordination, in which one agent
explores while the other stays at the near reward; blue marks both agents exploring; gray marks asymmetric pairs in
which both agents explore at different positive rates. Both agents staying never maximizes the collective payoff, by the
theorem of Section S3, and so does not appear. The region in which both agents exploring maximizes the collective
payoff grows as the foraging horizon lengthens, reaching the largest distances in the sweep at the longest horizon.
That region is bounded below by asymmetric pairs and, at the shortest distance, by anti-coordination. Parameters:
R =2.1-20,d =1-30, v € {1 —1/1000, 1 —1/5000, 1 — 1/100000}, on the grid of main text Fig. 5: 401 evenly spaced
exploration rates (Ae = 0.0025) plus the rates 10-8,1077,...,1073.
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First kind Second kind Strict
0% Collective (%) Pareto (%) | Collective (%) Pareto (%) | Collective (%) Pareto (%)
1—1/1000 100.0 100.0 99.2 92.3 48.1 0.9
1—1/5000 100.0 100.0 100.0 98.2 26.8 04
1—1/10000 100.0 100.0 100.0 99.3 21.2 0.1
1—1/50000 100.0 100.0 100.0 100.0 16.0 0.2
1 —1/100000 100.0 100.0 100.0 100.0 15.2 0.1
1 —1/500000 100.0 100.0 100.0 100.0 14.2 0.1
1 —1/1000000 100.0 100.0 100.0 100.0 14.2 0.1

Table S1 Social dilemmas of the first two kinds occur at nearly every parameter combination, while strict dilemmas
admitting a Pareto improvement are rare. Percentage of parameter combinations at which a dilemma of each kind
occurs, for each discount factor <. The Collective columns count dilemmas in which the collective payoff falls short of
an alternative; the Pareto columns count the subset in which each agent individually also receives a higher payoff at
that alternative. Sweep: 200 reward ratios R = 2.1-20, d = 2-30, with 48 exploration rates (41 evenly spaced in [0, 1]
plus 1078, ..., 10*2). The distance d = 1 is excluded because a dilemma of the first kind is guaranteed only for d > 2
(Section S3). Strict Pareto dilemmas are a small fraction of strict dilemmas: about 2% or fewer at every discount factor.
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Collective only Pareto

v =1-1/1000

Dilemmas solved (%) 28.7 83.3
Mean worst-Nash improvement (%) 6.0 10.2
Largest worst-Nash improvement (%) 14.2 19.3
v =1-1/5000

Dilemmas solved (%) 23.2 100.0
Mean worst-Nash improvement (%) 4.6 12.3
Largest worst-Nash improvement (%) 16.4 209
v =1-1/100000

Dilemmas solved (%) 7.7 45.5
Mean worst-Nash improvement (%) 45 8.3
Largest worst-Nash improvement (%) 11.0 15.1

Table S2 Signaling removes a larger fraction of Pareto dilemmas than of dilemmas that fall short collectively alone.
Percentage of strict dilemmas resolved by signaling, and the mean and largest improvement in the collective payoff at
the worst Nash equilibrium among the dilemmas resolved, for three discount factors y. Only strict dilemmas at which
both agents exploring is the worst Nash equilibrium are counted, at the distances d = 2-30. At y = 1 —1/1000 there
are 122 dilemmas in the Collective-only column and 6 in the Pareto column, of which signaling removes 35 and 5; at
v =1-1/5000, 246 and 6, of which it removes 57 and 6; and at v = 1 — 1/100000, 534 and 11, of which it removes
41 and 5. Signaling is evaluated on a grid of 401 evenly spaced exploration rates plus the rates 10-8,1077,...,1073
(Section S8.2).
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Two-site model: d =4, R =3 Original model: d =4, R =2.1
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Figure S8 The two-site model reproduces the equilibrium structure and the social dilemma of the full model. Locally
stable equilibria and their basins of attraction in the unit square of exploration-rate pairs (e1,¢;), for the two-site
model of Section S7 (left) and the full lattice model (right). Shading gives the outcome reached under the local
best-response dynamics from each starting pair: orange for both agents staying, blue for both agents exploring, green
for anti-coordination. Circles mark the locally stable equilibria themselves, colored by outcome, and a magenta ring
marks the socially optimal ones. Both models have four locally stable equilibria: the two anti-coordination points,
which are socially optimal; the symmetric both-explore point, which is not; and both agents staying at the near reward.
In both models the basin leading to the suboptimal symmetric point covers most of the square. Parameters: d = 4, with
R = 3 in the two-site model and R = 2.1 in the full model. We use 201 evenly spaced exploration rates (Ae = 0.005).
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Figure S9 An e-greedy walker rarely reaches the distant reward before returning to the near one, and the gambler’s-ruin
expressions reproduce its hitting statistics. Left: the probability of reaching site d before returning to site 0, which stays
below 0.01 until the exploration rate reaches about 0.4 and rises to 1/d = 0.25 at ¢ = 1. Curves are the gambler’s-ruin
expressions of Section S7; points are simulations of the lattice model. Right: the expected number of steps taken before
leaving the interior of the lattice, unconditionally (blue) and conditioned on reaching site O first (orange) or site 4 first
(green), each increasing in the exploration rate e. Parameters: d = 4, at 51 evenly spaced exploration rates (Ae = 0.02);
each simulated point is the mean over 107 walks.
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